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INTRODUCTION 



This book is intended for those who expect to continue 
the study of mechanics beyond an elementary course, and 
is meant to serve as an introduction to advanced treatises. 
For this reason special attention has been given to the prin- 
ciples and order of presentation, while the applications 
have been left almost entirely aside. No attempt has been 
made to avoid such mathematical terms and formulae as 
seemed necessary, but those problems requiring a knowl- 
edge beyond the calculus and elementary differential equa- 
tions have either been entirely omitted, or approximate 
solutions only have been given. Foucault's penduliun has 
been treated in this way. Especial attention has been 
given to relative motion and to motion on the Earth's sur- 
face, and to obtain a proper orientation in the subject 
the problems chosen have been made as general as possible. 

G. 0. James. 

Washington University, May 2, 1904. 
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CHAPTER I 
THEORY OF VECTORS 

1. Vectors. — 2. Equipollence of two vectors and notation. — 3. Geo- 
metric sum. — 4. Analytic expression of geometric sum. — 5. Geo- 
metric difference. — 6. Analytic expression of geometric differ- 
ence. — 7. Decomposition of a vector. — 8. Analytic expression 
of the components. — 9. Projection of a vector on a line. — 

10. Analytic expression of geometric sum referred to axes. — 

11. Geometric derivatives. — 12. Projection of the geometric 
derivative of a vector on a plane and on an axis. — 13. Projection 
of the geometric derivative of a vector on the vector itself. — 
14. Applications. 

I. Vectors. — Many of the quantities of mechanics can 
be conveniently represented by seg- 
ments of straight lines having a defi- 
nite direction and length. Such a 
segment is termed a vector, 

A vector is a segment AP (fig. 1) of 
a straight line having an origin A and 
an extremity P. It is defined by the Fig. l. 

following elements: 
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1° Its origin A; 

2° Its length AP; 

3° Its direction, which is by definition the direction of 
the line AP from A toward P. 

The vector is always written by placing the letter repre- 
senting the origin first. Thus the vector AP has its direc- 
tion from A to P, while the vector PA has its direction from 
P toward A. 

This is expressed by writing 

PA=-AP [1] 

Ordinarily, a vector AP is denoted by the single letter P 
and an arrow placed at P to denote the direction. 

2. Equipollence of two vectors and notation. — Two vec- 
tors equalj parallel, and having the same direction are termed 
equipollent. This geometric equivalence is expressed by 
writing a dash over the two vectors, as 

Pl^I^ [2] 

which asserts that Pi is equipollent to P2. Two vectors 
which are equal and parallel but have opposite directions 
are termed equal and opposite, and this is expressed by the 
equipollence 

Pi = -P2 [3] 

If they have the same origin, or are situated on the same 
straight line, they are termed equul and directly opposite. 
Figure 2 illustrates the different cases of equal and directly 
apposite vectors. This is again expressed by the equipollence 

K^-K [4] 



* • 
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which, it will be observed, takes no account of the origins 
of the vectors. 




Fig. 2. 

3. Geometric sum, or composition of vectors. — Consider 
(fig. 3i) a system of vectors 

distributed in any manner in space. Displace them parallel 
to themselves so as to place them end to end in any order — 
in the order of their indices, for instance. To fix the ideas 
suppose n equal to six. By this means there is formed an 
open polygonal contour (fig. 82), plane or twisted, of which 
the sides 

1, 2, 3, 4, 5, 6 

are equipollent to the given vectors. This polygon is termed 
the polygon of the given vectors, and the vector APq, which 
closes it, is, by deftnition, the geometric sum of the given 
vectors. Call this sum S, Then this definition is expressed 
analytically by the equipoUence 



S=Pi+P2+P3+P4+P5 + Pg 
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and in the general ease by 



1 -^n 



S-^P< 



[51 



t = l 



Remark. — ^This extension of the word sum, extremdy 
convenient in mechanics, is justified by the fact that the« 
geometric sums possess the same i)roperties as arithmetie 





Fig. 3,. 



Fig. 3, 



and algebraic sums, which they include as particular cases. 
This results from the following geometric theorems which 
are easily proven, but which I shall not stop to verify. 

Theoreivi I. — The geometric sum of a system of vectors 
is indepeiident of the order of summation. 

Theoiiem II. — The geometric sum of a system of vectors 
is not clianged by replacing certain of theni by their partial 
sumSj or conversely by replacing certain of them by others of 
which they are the partial sums. 

Theorem IIIi. — If all the vectors of a system be increased 
or decreased in the same ratio, their geometric sum is increased 
or decreased in this ratio. 
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Theorem III2. — To multiply the geometric sum hy any 
nurriber, it is sufficient to multiply each vector of the system 
by this number. 

4. Analytic expression of geometric stun. — 1° Two vec- 
tors. — ^Forming the polygon (fig. 4) of the two vectors, 





Fig. 4. 

Pi and P2, this reduces to a triangle. I^et a be the angle 
between the positive directions of Pi and P2. Their geomet- 
ric sum is, by definition, the third side of this triangle, and 

The magnitude of S is given by the algebraic equation 

52 = pj2 4.P22 4-2P1P2 cos a 

To determine 0y the angle between the positive directions 
of S and Pi, we have the relation 



S 



sin 6 sin a 
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Whence sin ^ = -^ sin a [6] 



Also P'^^Pi^-¥S^-2PiS cos d 



Whence cos = ^^'^^^ ^^'^ 



or cos = — ^ [7] 



Since (P^0^ 180°, [7] determines which quadrant it lies in. 

Remark. — From the figure it is evident that if we com- 
plete the parallelogram having Pi and P2 as sides, the vector 
P2' is equipollent to P2, and S is the diagonal of the paral- 
lelogram having Pi and P2' for sides, whence the 

Theorem. — If from the same point two vectors be drawn 
equipollent to the given vectors, the diagonal of the parallelo- 
gram constructed on these two vectors as sides is equipollent 
to the geometric sum of the given vectors. 

Corollary. — If a =90°, then 

S^=Pi^+P^ 



and cos^ = -^ 



p 

or tan ^ = -5^ 

Pi 

2° Three vectors, — ^The geometric sum S (fig. 5) of three 
vectors Pi, P2, and P3 is, by definition, the vector AS. 
Denoting by a, /?, 7- the angles between the positive direc- 
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tions of Pi and P2, P2 and P3, P3 and Pi, the magnitude 
of S. is given by 

52 ^ p^2 + p^2 4. P32 4. 2P1P2 cos a 

+ 2P2P3 cos /? + 2P3P1 COS r [8] 





Fig. 5. 



The angles 0i, O2, 63 made by the positive direction of S 
and the positive directions of Pi, P2, and P3 are deter- 
mined by the relations 



Pi2 4-^2 -2PiS cos di =P2^ +P32 4-2P2P3 cos /? 

P22 + ^2 - 2P2aS cos 02 = P32 + Pi2 + 2P3P1 COS T 

Ps^-\-S2-2PsS cos ds =Pi2 4-P22 +2P1P2 COS a 



[9] 



Remark. — It is again evident from the figure that if at 
at A vectors P2' and P3' be drawn equipollent to P2 and 
P3, the vector AS is the diagonal of the parallelopiped 
constructed on ^Pi, AP2J APs as edges, whence the 

Theorem. — // from the same point vectors be drawn equi- 
pollent to three given vectors^ the diagonal of the parallelopiped 
constructed on these as edges is equipollent to the geometric 
sum of the given vectors. 
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5. Geometric difference. — ^The jgeometric difference of two 
veccors Pi and P2 is, hy definition, the vector which added 
to one of them gives the other. 

Subtracting Pi from P2 and calling the difference Q, 
we have the equipoUence 

From Art. 4 it follows that P2 is equipollent to the diag- 
onal of the parallelogram having Pi and Q as sides. If 
then from A (fig. 6), the origin of Pi and P2, a vector —Pi, 



equal and opposite to Pi, be drawn, Q is equipollent to 
the diagonal of the parallelogram having —Pi and P2 for 
sides. Q is then the geometric sum of P2 and —Pi, which 
is expressed by the equipollence 

or "^=P2-Pi [10] 

which may be looked upon as a consequence of the equipol- 
lence 

P2=Pl+'Q 

It follows, then, that an equipollence involving three vectors 
may be treated as an algebraic equation so far as the trans- 
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position of its terms is concerned, and by similar reason- 
ing an equipollence involving any number of vectors mny he 
so treated. 

It is evident from the figure that the vector P1P2 is 
also equipollent to Q, and we have then the following geo- 
metrical construction for the difference of two vectors. 

From a point A draw two vectors Pi and P2 equipollent 
to the given vectors and complete the triangle by connecting 
their extremities. The third side of this triangle is eqiiipoU 
lent to the difference of the two vectors. The direction of this 
difference is from Pi to P2 if Pi is subtracted from P2, and 
from P2 to Pi if P2 is subtracted from Pi. 

6. Analytic expression of geometric difference. — If a be 
the angle between Pi and P2, then 

Q2 = Pj2 + p^2 _ 2P1P2 cos a [11] 

which determines the arithmetic value of Q. 

Replacing Pi by —Pi and aS by Q in [7], we have 

«^c fi -P1+P2 cos a P- ^, 

^ Q I- J 

which determines the angle between Pi and Q. 

7. Decomposition of a vector. — To decompose a vector 
S is, by definition, to find a system of vectors 

1 I , . . ±n 

of which aS is the geometric sum. 

A system of two vectors Pi and P2 of which S is the 
geometric sum is easily found. In fact, it is sufficient to 
construct any parallelogram of which S is the diagonal. 
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The sides Pi and P2 of this parallelograin are then equi- 
pollent to the required vectors. Similarly to decompose 
a vector S into a system of three vectors it is sufficient to 
construct a parallelopiped of which S is the diagonal. The 
three edges of this parallelopiped issuing from the vertex 
which is the origin of S are then equipollent to the 
required vectors. Since an infinite number of such paral- 
lelograms or parallelopipeds can be constructed, the decom- 
position can be effected in an infinite number of ways, and 
to obtain a uniqite decomposition one vector must be assigned 
in the parallelogram and two in the parallelopiped. 

Instead of assigning one or two of the vectors, two or 
three of the directions may be assigned, and the decom- 
position is unique since there can be but one parallelogram 
or parallelopiped with assigned directions for its edges. 

8. Analytic expression of the components. — 1° If one of 
the component vectors. Pi say, is assigned in magnitude 

and direction, the magnitude and 
direction of P2 (fig. 7) are givai 

by 

P22=Pj2+52_2Pj5cOS^I 1 




sin 6^2= sin ^1-^ 



[13] 



2° If the two directions 0i 
and O2 are assigned, then the 
magnitudes are given by the equa- 
tions 



Pi=S^ 



sin 



2 



Po=^S . 



sin Oi 



sin{di+62) 



[14] 
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Remark. — The analytic expressions for the direc- 
tions and magnitudes when S is decomposed into three 
components Pi, P2, and P3 are easily obtained from the 
geometry of the parallelopiped. 

If ^1+^2=90°, or the assigned directions are orthogonal, 
then 

Pi==^Sco80i 

P2=^S COS02 

9. Projection of a vector on a line. — ^The projection of a 
vector AP on a line OX (fig. 8) is the vector AxPx obtained 
by projecting the line AP on OX. The projection of A is, 
by definition, the origin of A^Px* 




Fig. 8. 



Denoting by the angle between P and OX, we have 



Px^P cos 



[151 



Theorem I. — The algebraic sum of the projections of two 
vectors on a line is eqical to the projection of the geometric 
sum of the two vectors on that line. 
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Let (fig. 9) Pi and P2 be the given vectors and S thdr 
geometric sum. Then A^Px,, A^Px^y and AJSx are thdr 
projections on OX, 



and 



AxSx-A,P,^+P,^S: 




Fig. 9. 



But PiS is equipollent to AP2, and therefore 



Pxi^x—Axl xa 



Hence 



AxSx —AxPx^'\-A:gPi 



or denoting by 0, 0\, and O2 the angles between 5, Pi, P2, 
and OZ 



aS cos 0=^Pi cos 6?i +P2 cos O2 



[16] 



This same reasoning can be extended to a system of 
n vectors by first taking two of them, then their geometric 
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sum and a third and so on until the last vector is reached, 
whence 

Theorem II. — The algebraic sum of the projections of a 
system of n vectors on a line equals the projection of the 
geometric sum of the system on that line, or 

S cos 6 = Pi cos ^1 + ... -f Pn cos On 



n 

or 



n 

S COS 0=^Pi COS di [17] 



10. Analytic expression of geometric sum referred to 
axes. — ^The two theorems of the last section give a simple 
method of determining the geometric sum of a system of 
vectors. Choosing the three perpendicular axes OX, OY, 
and OZ and projecting all the vectors of the system on 
these axes, the sum of the projections on each axis gives 
the projection of the geometric smn on that axis, which 
is the edge of the rectangular parallelopiped of which the 
geometric sum is the diagonal and since when the three 
edges are determined the diagonal is determined, the geo- 
metric sum is determined in magnitude and direction. 



Writing S^ = 2P, 

Sy = 2Py 

S, = IP, 
then S^^SJ'-hSy^+S,^ [18] 

and calling dx, Oy, and 0^ the angles between S and OX, 
OY, OZ 
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COS Ux = "e 

A3 
COS Uy=-^ 

COS ^z=-o- 



[19] 



Corollary. — If the vectors all lie in one plane, then 
referring them to two rectangular axes OX and OY in that 
plane 



COS^x = -^ 



cos Oy=-^ 



II. Geometric derivatives. — 1° Fec/or wiih a fixed 
origin, — Consider AP (fig. 10) whose origin A is fixed and 
whose extremity P describes a curve C 

Let ^P be its position at the instant t and APi its posi- 
tion at the instant t-\-M, 

The geometric increment of P during the time At is the 
geometric difference 



PPi^Pi-P^JP 



The vector 



PE^ 



JP 

At 
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tends to the limiting vector PP\ tangent to C at P, as M 
tends to zero, so that 



PP' = lim( 



JP 



and this vector PP' is called the geometric derivative of P 
at the instant t. 




Fig. 10. 



I shall use the svmbol 



Dt 



to denote a geometric derivative in distinction from the 
symbol 

A 
dt 

used for algebraic derivatives. 



16 
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We may then write 



^=""^(^)..„ 



[20] 



2° Vector with moving origin, — ^To obtain the geometric 
derivative of the vector PP' with moving origin P (fig. 11) 

at the instant t we construct 
at the fixed point P a vector 
equipollent to the vector PP' 
and take its geometric deriva- 
tive, and this is defined as 
the second geometric deriva- 
P/ tive of APj so that 




PF'^ 



Fig. 11. 



DP' D^P 
Dt "" Dt^ 



[21] 



where PP" represents a vector equipollent to the geometric 
derivative of PP\ 

12. Projection of the geometric derivative of a vector 
on a plane and on an axis. — Let the moving vector AP 
(fig. 12) be projected on the fixed plane 77, and denote pro- 
jections on this plane by the symbol ( )» 



Then 



(PPi).=ppi 



or 



{AP),=^At> 



Hence 



\m). 



Ap 
At 
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JP 
since JP and -rr are vectors making the same angle with U. 

Therefore Um ( -77 ) = lim -^ 



or 






Dp 
Dt 



[22] 




Fig. 12. 



Hence, the projection on any plane of the geometric deriv- 
ative of a vector is equipollent to the geometric derivative of 
the projection of the vector on the plane. 

Let OX be any axis — not necessarily connected with 
the plane n, but for convenience taken in that plane. Denote 
V projections on OX by the symbol ( )x. 
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Then iPPijx=xi-x 

or (JP)x = Jx 



Hence ^^), = f 






and lim ( — ) =lim -77 

\^t / X- Jt^O JtJj<-o 



/DP\ dx d{x-a') 



Hence, the projection of the geometric derivative of a 
vector on an axis equals the algebraic derivative of the pro- 
jection of the vector on that axis. 

If denote the angle that AP makes with OX then 



- d{x—a') dr . . M 

and — ^^=^cos5-rsm^^ 



where r is the length of AP. 



/DP\ dr ^ . dJd 
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Corollary. — If AP be perpendicular to OX^ then 
^ = 90° and 



{^)rAf).-^ f'-^' 



13. Projection of the geometric derivative of a vector 
on the vector itself. — Making ^ = in [24] we have for the 
projection of the geometric derivative of a vector on the 
vector the expression 



( 



S£\ =i [261 



Dt/p dt 



14. Applications. — First problem: What is the necessary 
and sufficient condition that the geometric derivative of a vec- 
tor be constantly directed along the vector ? 

In this case the geometric derivative equals its projec- 
tion on the vector itself, 



DP /DP\ dr 
whence Tft^VDi) ,=dt 



Hence, projecting on the X-axis, 



( 



DP\ dr 



and therefore 



dr . dd dr ^ 

-jr cos 0—r sm d^ = ^rcos a 
dt dt dt 
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whence r sin ^tt = 

at 



or 0-=0o, a const. 

Therefore, the necessary and sufficient condition that 
the geometric derivative of a vector be constantly directed along 
the vector is that the orientation of the vector be constant. 

Second problem: What is the necessary and sufficient 
condition that the geometric derivative of a vector be constantly 
normal to the vector? 

In this case the projection of the geometric derivative 
on the vector is zero, 



dr 
whence ,, =0 

dt 



and r=ro, a const. 

Therefore, the necessary and sufficient condition that 
the geometric derivative of a vector be constantly normal to 
the vector is that the length of the vector be constant. 

Third problem: What is the necessary and sufficient con- 
dition that the geometric derivative of a vector be zero? 

If the geometric derivative be zero, then its projection 
on any axis is zero. 



dx 

whence 37=0 

dt 



or x=Xoj a const. 
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similarly y=yo?aconst. 

z^^Zo, a const. 

and hence the extremity P is fixed. 

Therefore, the necessary and sufficient condition that the 
geometric derivative of a vector be constantly zero is that the 
vector be constant both in orientation and magnitvde. 
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point. Path. — 18. Equations of motion. — 19. Rectilinear 
motion. — 20. Units of time and of length. — 21. Case where it is 
necessary to specify the units. — 22. Homogeneous equations. — 
23. Change of units. — 24. Uniform rectilinear motion. Velocity. — 
25. Equation of uniform, motion. — 26. Accelerated rectilinear 
motion. — 27. Numerical examples. — 28. Knots and nautical 
miles.— 29. Equation of accelerated motion in terms of the 
mean velocity. — 30. Acceleration. — 31. Equation of uniformly 
accelerated motion. — 32. Discussion of the motion by means 
of the equation of motion. — 33. Case where the displacement 
is taken as independent variable. 

15. Definitions. Rest and motion. — When a point is 
spoken of as at rest or in motion it is always understood 
that this rest or motion takes place with respect to other 
points in its neighborhood. A point immovable on the 
Earth's surface is at rest with respect to all other fixed 
points on the Earth, but is moving with respect to points 
on the Sun, since the Earth is itself moving relative to the 
Sun. Hence, any relative motion is observable, but it is 
convenient in kinematics to choose some system of points 
to which the motion of all other points may be referred 
to regard this system as absolutely fixed, by definition. 
Motion with respect to this system is then termed absolute 
motion. Thus, for points on the Earth, a system of points 

22 
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immovable on the Earth's surface may be chosen as the 
absolutely fixed system, and the motion of all other points 
referred to them. To discuss the motion of the Earth and 
planets a second system of absolutely fixed points must be 
chosen. These may be conveniently taken on the Sun, 
while to discuss the motion of the solar system the so-called 
fixed stars must be chosen as points of reference. There 
being no system of points to which the motion of these 
stars can be referred, discussion cannot go beyond them. 

But while, in kinematics, the choice of the absolutely 
fixed system is perfectly arbitrary, it is no longer so in 
mechanics, and there we shall see that the fixed stars must 
be chosen as the system of reference. 

i6. Time. — ^To define the time when the moving poirrt 
is at a given position, it is referred to a certain instant, 
called the initial instant, and the number of mean solar 
seconds before or after the initial instant is given. Hence 
a time t designates an instant t seconds before or t seconds 
after the initial instant according as Ms positive or negative, 
that is, according as it has the plus or minus sign prefixed. 

17. Motion of a point. Path. — A point is said to move 
with respect to some arbitrarily fixed system of points 
when at least one of the distances between it and the points 
of the fixed system changes. The curve described by the 
moving point is called its path or trajectory. 

18. Eqtiations of motion. — Referring the point to a sys- 
tem of rectangular axes — XYZ, its coordinates will vary 
with the time and are therefore functions of t. Suppose 
them to be given by the following equations: 

x=-<l>(t) y^xit) 2 = 0(0 [27] 

When these functions are known, the motion is com- 
pletely known, for the path may be obtained by eliminating 
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( between these three equations taken in pairs, which will 
give two siu^faces whose intersection is the path, or equa- 
tions [27] may be regarded as the parametric equations 
of the path. The position of the point on the path is also 
known, for as soon as (. is given the coordinates of the point 
at that instant are determined by [27]. These equations 
[27] are termed the eqvatiims of motion, and the problem 
of finding the motion of a point is the problem of finding 
these equations. 

A second method of fixing the position of the point M 
in its path is the following: Its distance s from some fixed 
point Mo on the path, measured along the ■path, may be given 
at each instant, the direction of motion being chosen as 
positive. The equation of motion then has the form 



-/(<) 



[28J 



the path being supposed given. 

i(}. Rectilinear motion. — If the path is a straight line, 
the motion is termed TectilineaT. Choosing the path as 
the axis of X, the two methods of fixing the position of the , 
point M become identical, and the equation of motion has I 
the form 

x = m [29] 



the point Mq being the origin 0. 

Now for a given value of t, x can have one value only 
and hence the function /(() is unifonn, and if a continuous 
sequence of values of t be substituted in [29] we nmst get a 
contmuous sequence of values for x, since M cannot pass 
from one point on its path to another without passing 
through the intermediate points. This same equation [29] 
permits us to solve the inverse problem, that is, to answer 
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the question: What are the times when M passes a given 
point on its path? In this case x is given and we require L 
It is necessary, therefore, to solve [29] for t, which we may 
suppose done, with the result that 

t = <f>{x) [301 

which is the equation of motion in its second form. Often 
the conditions of the problem lead us to an equation of 
this form, which must be solved for x to get the first form. 
For theoretical considerations, however, the fint form 
is much, to be preferred. As has. already been remarked, 
/(O can have only one value, for a given value of t, but (j)(x) 
may have more than one value for a given value of x, since 
the moving point may pass the same place in its path any 
number of times. 

20. Units of time and of length. — As has already been 
remarked in Art. 16, time is expressed in mean solar seconds. 
The unit may be taken as the second itself or any multiple 
thereof, as the minute, hour, day, or year. 

The unit of length is usually the metre or the kilometre. 
Unless the contrary is stated the second and metre will 
be used as the units. 

21. Case where it is necessary to specify the units. — In 
general a numerical equation of motion 

x=/(0 

arbitrarily given has no meaning unless the units are stated. 
Thus the equation 



x = (2 
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gives a: = 3600 metres in 1 minute if the second and metre 
are adopted, but gives x = l kilometre in 1 minute if the 
kilometre and minute are adopted. 

22. Homogeneous equations. — The equations which, 
instead of being given empirically, express laws of nature 
cannot depend on the choice of units and must therefore 
be homogeneous, that is, are necessarily of the form 



i-Kh i="i 



where A is a length and t a time expressed in the same units 

as X and tj and hence if the units be changed the equation 

X t 

is not affected since the ratios - and - remain the same. 

/ r 

23. Change of units. — If we have on the other hand a 
non-homogeneous equation, such as would result from 
mmierical observations, 

x=/(0 

with determined units of time and length, it is easy to see 
what this becomes when other units of time and length 

are used. Suppose the new unit of length to be Ijj 

of the old, and the new unit of time ( — ) of the old. Then 

it is clear that a determined length which contains the old 
unit X times contains the new one Xx times and its new 
numerical value will be 

xi = /Ix, whence ^ ^ T 
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Similarly h^zt, whence t=— 



V 



and the equation 

x=/(0 
becomes 



?='© 



Consider again, as an example, the equation 



X = ^2 



and suppose the metre and second to be the units. It may 
then be written 






SO that at the end of a minute 



\ 



a: = 3600"^ 



Taking the kilometre and minute as new units, 



T = 1000 and -=60 
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80 that the equation becomes 

1000x1 = (60^i)2 = 3600^i2 

or xi=3.6ti^ 

For ii = l we have xi = 3.6, which means that at the 
end of I minute the abscissa of the moving point is 3.6^™, 
which is what we found with the old units. The equations 






Xl I h \2 



-d 



1km I j^miny 

are then equivalent. 

24. Uniform rectilinear motion. Velocity. — Motion is 
termed uniform rectilinear when the path is a straight line 
and equal distances are passed over in equal times. 
Choosing the X-axis as the path and counting time from 
the instant when the point is at the origin, 0, its position 
at any other instant is given by its abscissa. Let M be 
its position at the instant t (fig. 13) and Mi its position 



M M, 

Fig. 13. 



^ 



at the instant t + My At being positive. The geometric 
magnitude MM\ has the algebraic value Ax, where this 
represents the increase in the abscissa x of the moving point 
in time At. If in the direction MMi a vector MV of length 



KINEMATICS OF A POINT. GENERAL THEOREMS 29 

— T- be drawn, this vector Is, by definition, the velocity of 

the uniform motion at the instant t. The length of the vec- 
tor* M7 is termed the algebraic value of the velocity, or the 
speed, and is denoted by v. It is positive or negative accord- 
ing as MV is directed in the positive or negative direction 
along OX. In magnitude and sign, then, 



Ax 



Since the motion is uniform, that is, since equal distances 
are passed over in equal times, 

Ax=kAt 

no matter what values t and At have, and 

Ax 

v= -7:=A;, a constant. 
At 

Hence, Hie velocity in uniform rectilinear motion is con- 
stant in magnitude and direction. 

Remark. — If At = l, then v = Ax, whence the velocity in 
uniform rectilinear motion is in magnitude and direction 
the space travelled in unit of time, 

25. Equation of uniform motion. — Since v is the dis- 
tance travelled in unit time, the distance travelled in t units 
is vt, and if Xo be the position of the point at instant t =0, its 
position at the instant t is given by 

x^XQ-^vt [32] 
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26. Accelerated rectilinear motion. — Every motion not 
imiform is accelerated, by definition. Let the accelerated 
motion be defined by x=f(t). The displacement MMi which 
the point midergoes when t increases by J< is a vector whose 
algebraic value is Jx. 

Velocity. — If in the direction MMi (fig. 14) a vector 

^x 
MW of length — be drawn, this vector, whose algebraic 

V w 
9 ■ y -^ X 

Fig. 14. 
^X 

value is -7, is termed the mean velocity of the moving point 
Jt 

during the interval Jt. As M tends to zero, this vector M W 

tends to a limiting vector MV, which is termed the velocity 

at the instant t. The algebraic value of MV, termed the 

speed at instant t, is 

,. Jx"! dx 

i?=lim— «j- 

From the equation of motion 



x=m 



we have by differentiation 

^=^=^(0 [33] 

27. Numerical examples. — A mean speed is thus seen to 
be the ratio of two magnitudes essentially positive and of 



KINEMATICS OF A POINT. GENERAL THEOREMS. 31 

different nature; the mtio of a length to a time. These 
two magnitudes can be expressed in two absolutely inde- 
pendent imits, and it follows, then, that the numerical 
value of a mean velocity does not have any meaning unless 
the units are specified, for the same velocity can be expressed 
by different numbers depending on the imits chosen. Sup- 
pose, for example, a train takes five hours to go from Wash- 
ington to New York. The distance is 354 km. (ab6ut), 
and hence the mean speed between Washington and New 
York is 

354 
Vm = -r" =70.8 km. per hour 

^^ ^ km. 

=70.8 r 

hour 



Expressing the distance in miles, 

Vm = "E" =44 miles per hour 



miles 
hour 



28. Knots and nautical miles. — ^The speed of a ship 
is usually expressed in knots. This is an abbreviation of 
language, and the units here imderstood are the nautical 
mile and the hour. To say then that a ship has a speed of 
20 knots is to say that it has a speed of 20 nautical miles 
per hour, or 

^^ naut. miles 

v = 20 — r 

hour 
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A nautical mile is the length of 1' of the earth's meridian 
or about 1852 metres. A speed of one knot is equivalent 
to a speed of .514 metres per second, or 



, naut. mile ^„, metres 

1 — r = .574 :t 

hour second 



29. Equation of accelerated motion in terms of the mean 
velocity. — If the mean velocity during any interval is known, 
the distance travelled is at once obtained from the relation 

Jx X\—X 

which gives 

so that knowing the position of the point at the instant t 
and its mean velocity during the interval ti—t we have its 
position at the instant h, 

30. Acceleration. — Uniform rectilinear motion is charac- 
terized by the property that at each instant the velocity 
is the same in magnitude and direction. In accelerated 
motion the velocity varies from instant to instant, and 
it is useful to take account in an exact manner of this varia- 
tion. The notion of the vector acceleration is thus obtained. 
Let the moving point be at M (fig. 15) at the instant t, and 

ti u > > > A > X 

Fig. 15. 

have there a velocity MV. At instant h let Afi and MiVi 
denote its position and velocity, and let vi>v. In the 
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direction MMi construct the vector MK of length 

This vector MK is termed the mean acceleration dm-ing 
the interval h—t. Let Jt tend to zero, then MK tends 
to a limiting vector MJy which is termed the acceleration 
at the instant L 

The algebraic value or magnitude of MJ is 

7=hm - — - =lim — 

. dv -^^- 



dx 
But since '^^If 

d?x 
we have / = — [35] 



If the acceleration J is the same for all points of the 
path, the motion is termed uniformly accelerated^ and the 
change in the velocity is proportional to the time. If the 
velocity decreases *with the time the acceleration is negative 
and / is drawn in the opposite direction 

31. Equation of uniformly accelerated motion. — Since 
in this case J is constant we have 



-7^2 = r? a constant 
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- dx 

whence -Tr=^rt-\-c 



and x^^yt^^-ct^-ci 



But making <=0 we have 



( 



dx\ _ 



and Xo = C\ 

whence x=Xo-\-VQt-\-\r^^ [36] 

Where xq and vq are the displacement and velocity at the 
instant ^ = 0. 

32. Discussion of the motion by means of the equation 
of motion. — If we are given the equation of motion 

the position, velocity, and acceleration at any instant may 
be obtained by differentiating this equation with respect 
to t, for 



i-%-m 



Conversely, if we are given the acceleration at every 
instant, that is, if we are given the acceleration as a func- 
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Hon of t, and the velocity and displacement at one instant, 
we can determine the equation of motion. In order to do 
this it is necessary to integrate the differential equation 
of the second order 

whose solution will contain two constants of integration, 
such that 

But c and Ci may be determined by substituting in 

X = j{t, C, Ci) 

and ^^^~dt^^'^^' ^' ^^^ 

the known values of x and v for the given value of t, 

33. Case where the displacement is taken as independent 
variable. — It is often useful, instead of determining the cir- 
cumstances of the motion at each instant, to determine 
them at each point of the path, that is, to express them in 
terms of the displacement instead of the time. This is 
equivalent to taking x instead of t as the independent vari- 
able, and expressing the equation of motion in the form 

t = ^{x) 

This may be given directly or it may be obtained by 
solving the equation 

x^m 

for t. 
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To obtain the velocity and acceleration in terms of x, 
we have 

dx 1 1 J. , 

dx 

^~dt^ (dty° <i>'^ ^ ^ 

[dx) 



^1 



CHAPTER III 
APPLICATIONS TO ORDINARY RECTILINEAR MOTIONS 

A. Uniform Motion 
34. Properties of uniform motion. — 35. Problem. 

B. Uniformly Accelerated Motion 

36. Properties of uniformly accelerated motion. — 37. Remark. — 
38. Equations obtained by taking the space described as inde- 
pendent variable. 

C. Periodic Motions 

# 

39. Equations of periodic motion. — 40. Equation of harmonic motion. 
— 41. Amplitude, elongation, frequency, argument, phase. — 
42. Velocity and acceleration. — 43. Discussion of the motion. — 
44. Influence of the phase. 

A. Uniform Motion 

34. Properties of uniform motion. — ^The equation of 
uniform motion was deduced in the following form: 

x=Xo-]-vt 

From this we have the following 

Theokem I. — In a uniform motion the abscissa of the 

moving point is a linear function of the time. 

37 
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Conversely, if the motion is uniform, then the velocity 
is constant, or 

dx 

V = 37 = c, a constant 

at ' 



Now any equation of motion of the form 



x = a + bt 



dx 
gives t;=^=& 



from which follows the 

Theorem II. — Any rectilinear motion whose dispUtce- 
ment is a linear function of the time is uniform, 

35. Problem. — Given the instants of passage of the uni- 
formly moving point at two points on its path, find the equa- 
tion of motion. 

Let xo and x\ be the abscissas of the points Mq and Mi 
which the moving point passes at instants ^0 and t\. 

The velocity is then 



t\—to 



and the equation of motion, being linear, is of the form 



Xi-Xq 
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But when t==to, x=xo, and hence 



or a=xo-(^^^3^jto 



pud the equation of motion becomes 



(i^)<- 



X = Xo+( -. T-){t-tQ) 



B. Uniformly Accelerated Motion 

36. Properties of uniformly accelerated motion. — From 
the equation of the motion 

X = Xo + Vot + i^^ 



dx 
we have v = iy-=vo + r^ 



We observe, then, that y, being constant, cannot change 
its sign, while v being linear in t can change its sign once 
only, namely, at the point where 

which corresponds to the instant 



^:=-^° 
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and hence to the displacement 



Vo^ 



which gives the unique point in the path beyond which 
the mobile cannot go. The mobile can traverse only that por- 
tion of its path which lies on one side or the other of this 
point, the positive side if ^^ is positive, the negative side 
if ;- is negative, since for i=±oo, a;=4-oo for y>0 and 
X— —00 for ;'<0. 

The general properties of the motion are then contained 
in the following 

Theorem. — A uniformly accelerated rectilinear motion has 
two phages: one previous to the unique instant ^ where the 
velocity vanishes and the position Mi of the mobile is defined 
by the abscissa (fig. 16). 









M 





k 




Fig. 16. 






Xi 





the other subsequent to this instant 

During the first phase the mobile M travels toward the 
point Ml vnth a uniformly retarded motion and reaches it at 
the instant 



t - ^ 



There it comes to rest and then returns on its path during the 
second phase j describing ilie original path in the opposite direc- 
Hon with a uniformly accelerated motion. 
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It reaches the point Mi but once, every other point in the 
path twice. It takes the same time to go from any point M 
to Ml as to return and repasses M xvith the same velocity as 
at first passage but in opposite direction. 

To establish this theorem, we choose the positive direc- 
tion of the X-axis so as to make r positive. 

Suppose, then, the acceleration positive. Equation [36] 
may be written 



whence 



dx (,Vo\ 



Vo^ , Vo 



or, supposmg iCi = Xo - gZ » ^^ "" "" T 

x-xi=^irit-ti)''=Mti-t)^ 

dx , . , ^ 

These equations express the properties indicated. From 
t—ti=^ — oo to ^—^1=0 the mobile comes from infinity along 
the positive axis of X and approaches the pomt Mi of 
abscissa Xi, which it reaches at the instant ti. 

When t—ti increases from to H-cc, x—xi takes the 
same values as before, which shows that the mobile retraces 
its path. 

For two values oi t — ti equal and of opposite sign, x—xi 
takes values equal and of same sign, which shows that the 
mobile takes the same time to go from any point to Mi 
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dx 
as to return; and j- takes values equal and of opposite 

sign, which shows that the velocities are equal and opposite 
going and returning. 

37. Remark. — We have studied the motion from i= — 00 

to t= +CO, ■ 

Suppose we wish to know what the motion is during 
a finite interval, from to to t, say. 

If the initial instant ^0 precedes the critical . instant 

^1= — -^, that is, if vo and y have opposite signs, then both 

r 

phases of the motion are comprised in the interval t — toy 
and the mobile starting from its initial position moves to Mi 
and returns to its initial position, which it will pass unless 
stopped. 

38. Equations obtained by taking the space described 
as the independent variable. — ^The equation 

dx 

squared gives 

=Vo^ + 2'jr(x-Xo) 

The velocity vq and the displacement Xo refer to the epoch 
^=0. If then h is the space described from the epoch ^=0, 

v^=vo^+2rh [39] 

— ^a fundamental equation. 
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C. Periodic Motions 

39. Equation of a periodic motion. — A function f(t) 
of a variable t is said to be periodic when, for a certain positive 
increment T of the variable tj the function does not change 
its value, that is, when 

f(t + T)=^f(t) [40] 

whatever be t. 

If T is the smallest increment satisfying this condition, 
it is called the period of the function f(t). 

Since [40] is true whatever be t, it follows that 

f(t±nT)==f(t) 

where n is any positive integer. 

Suppose a mobile' has a motion represented by the equa- 
tion 

fit) being a periodic function of period T. It follows then 
that: 

If the mobile at the instant t has the position defined 
by the abscissa x, it will repass this same position at the 
end of each successive interval T and have there the same 
. velocity and acceleration. 

For J{t + T)^m 

and f(t-¥T)=^f(t) 
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which shows that the derivative of a periodic function is 
also periodic. This is true of all the derivatives, and in 
particular of the two which represent the velocity and 
acceleration of the mobile. 

40. Equation of harmonic motion. — ^A periodic motion 
which is particularly important in mechanics, and in all 
branches of physics, is that in which the displacement varies 
as .the sine or cosine of an angle which is itself a -linear func- 
tion of the time. 

The equation of such a motion is then, by definition, 

a:=acos^l (1) 

► 

or a:=asin^J (2) 

where ^ is a linear function of the time. 
Let 

= nt-(f> 

where a, n, and (f) are constants. 

By a proper choice of the constants both (1) and (2) 
define the same motion, hence it is necessary to consider 
one of them only. In fact if we put 






(1) takes the form 

x = a sin 0i 

where di is linear with respect to the time. 



^ 
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Again, in (2), which is the one we shall retain, we can 
always regard n as positive, for if n is negative, then putting 



(2) becomes 

x^a sin Oi 

in which the coefficient of t is positive. Also, a may be 
regarded as positive, for if it is negative, then putting 

ai= — a 
we have 

x = ai sin 0i 

where ai is positive. 

Finally <f> may always be considered to lie between 
and 2;r, since if it is not contained in these limits, it can 
be brought within them by the addition of a suitable posi- 
tive or negative integral multiple of 2;r, which will not affect 
the value of x. 

We can then write the equation of motion in the form 

X = a sin ^ = a sin(n^ — <f>) [41] 

where a and u are positive and <p lies between and 2;r. 

41. Amplitude, elongation, period, frequency, argument,, 
phase. — Since sin varies from —1 to +1 for increasing 
values of t, the displacement x varies between —a and +a. 

If then on the path Z'OX of the mobile starting from 
the origin we lay off distances 

OAo = OAi=a 
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on each side of the origin (fig. 17), the motion consists of 
an infinite sequence of oscillations of the mobile between 
Ao and Ai, and is termed a simple vibration or a simple 
harmonic motion. The length a is called the amplitude, 

' M '^ 

A, Ao 

Fig. 17. 

and the displacement OM=x at any instant is called the 
elongation of the mobile at that instant. 

The period T of the motion is the increment which must 
be given to t to bring x back to its same value in magni- 
tude and sign, and is therefore determined by the relation 

sin (nf - ^) = sin [n(^ + T) - 0] 

which gives nT = 27c 

or T = — 

n 

The number of oscillations per unit of time, generally 

per second, is called the frequency, and the length of one 

1 n 
oscillation being T, the frequency is — , or — . 

The variable angle d is called the argument, and the 
constant angle ^ the phase. 
Putting i=0 in [41], we have 

a:o = a sin ( — ^) 

Whence — ^ is the value of at the initial instant. 
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42. Velocity and acceleration. — The velocity and accelera- 
tion are given by 



dx 
v=-^ = an cos = an cos (nt — ^) [42] 

at 



dPx 
] ^-3.2^ - «^^ sin ^ = - nH [43] 



Hence, the acceleration is proportional to the elongaiion 
of the mobile and is constantly directed toward the centre of 
the paih. 

43. Discussion of the motion. — Suppose the phase ^ to 
be zero, which is equivalent to supposing that t is taken 
equal to zero at the instant when th« mobile passes 0. The 
equation of motion then reduces to 



. 2rd 
x=asin ^i^ = asin -—- 

T 



Whence v=-T-^an cos nt = n\/a^ — x^ 

dt 



ax o ' A o 

1 = -;7„ = —071^ sm nt= — n^x 
dt^ 



It is sufficient to discuss an oscillation, that is, to dis- 

T T 

cuss the motion from ^=— -— to 1=^+--^ since after each 



period the motion is reproduced. 
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T T 

From ^=— T- to <=+— the eloneation varies from 
4 4 

—a to +a and the mobile describes its complete .path in 
the positive direction from Ai to Aq. At Ai when x= —a, 
the velocity is zero, and increases from this point to 0, where 
it has its maximum value na. From A to A o it decreases 
and becomes zero again at Aq, The mobile comes instan- 
taneously to rest at Ao and then describes its path AqA\ 
in the negative direction. 

We observe finally that during a complete oscillation 
the mobile passes twice each point of its path, once in the 
positive direction and once in the negative. 

If d is the argument for which it passes a given point 
the first time, the argument for which it passes it the second 
time is 

If then it passes the point at the instant t, it again passes 
it at the instant h determined by 



27:ti 2nt 

- = 71 =r 



T 
or h^-^—t 



The expression for the velocity 



dx . 2nt 

-rr^dn cos nt = an cos-^ 
at 1 
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shows that at the instant h it has the same velocity as at 
the instant t, but with the sign changed. 

44. Influence of the phase. — We have supposed, in the 
discussion of the motion, the phase ^ to be zero. But 
the motion retains the same properties whatever the phase. 
Imagine two mobiles with the same simple harmonic motion, 
but different phases, that is, with the same amplitude and 
period, but one with phase zero and the other with phase <]>. 

Representing by x arid xi the elongations of the two 
mobiles at the instant tj we have 

x=asin nt 

Xi=asin (nt—<l>) 

Putting ^o=~~j the last equation may be written 

Xi = a^m.n{t—to) 

where ^ is the phase measured in angle and to the phase 
measured in time. 

If then for the second mobile we measure the time from 
the instant 

n 

its equation of motion is the same as that of the first mobile, 
which shows that its motion is the same as that of the first, 

but it passes each point of their common path ^0= units 
of time after the first. 



I 
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The two mobiles behave as two trains which run between 
the same two cities, the second ^o units of time after the 
first. They have the same motion and stop at the same 
stations, • but one always a fixed interval of time ahead of 
the other. 



CHAPTER IV 

RELATIVE MOTION ALONG A LINE 

45. Relative motion. — 46. Equation of relative motion. — 47. Rela- 
tive velocity and acceleration. — 48. Apparent motion. — 49. Con- 
vective motion. — 50. Simultaneous motions. — 51. Composition 
of harmonic motions of same period. — 52. Representation of 
the amplitude and. phase by a vector. — 53. Equation of the 
resultant motion. — 54. Vibrations of different periods. 

45. Relative motion. — Consider the motion of two 
fnobiles along the same line X^OX (fig. 18). Let Mc and Ma 

v' Mc Ma -, 

X 5 ' ^ X 

Fig. 18. 

represent the two mobiles and Xc and Xa their abscissas, 
or displacements, referred to the origin 0. Denote the 
distance McMa by fr; and let the sign of f^ be determined 
by the relation 

The algebraic value of fr then determines the relative 
positions of Mc and Ma, that is, it determines then* dis- 
tance apart and their order on the line X'OX, so that given 

the position of one of them the position of the other can be 

51 
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determined loiihovi ambiguity, $r is termed the relative 
displacement of Ma with respect to Mc. 

If we are concerned with the relative positions only of 
two mobiles, as of two runners or of two race-horses, it is 
necessary to know fr only. In distinction; Xa and Xc are 
called the absolute displacements of Ma and Mc, and if we 
require the absolute positions of the two runners on the 
race-track, then Xa and Xc must both be known. 

Because of the relation [44] which connects Cr, Xa and Xc, 
it is sufficient to know two of them to determine the third. 

The motion of Ma with respect to Mc is termed the 
relative motion of Af„. 

46. Equation of relative motion. — If fr be known as a 
fimction of the time, then at any instant the relative position 
of Ma is Imown. This equation 

fr=/r(0 

which gives the relative displacement in terms of the time, 
is known as the equation of relative motion of Ma referred 
to Mc, 

If the equations of absolute motion of Ma and Mc are 
known, then the equation of relative motion is act once deriv- 
able. For if 

Xa ^fa(t) 

and Xc^fc(t) 

then er-=fa{t)-fc(t) [45] 

47. Relative velocity and acceleration. — In exactly the 
same manner as the notion of absolute velocity was obtained, 
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we can get the notion of relative velocity. The absolute 
velocity of Ma may be regarded as the rate at which Ma 
is receding from or approaching 0, and the relative velocity 
of Ma the rate at which it is receding from or approaching 
Mc. The relative velocity then is the derivative of fr u^h 
respect to the time. Similarly the relative acceleration is the 
derivative of the relative velocity with respect to the time. 
Differentiating [45], we then have 

d^r dxa dxc 
dt dt dt 

or Vr=Va—Vc [46] 

Differentiating a second time, 



dvr d^f d^Xa dJ^Xt 



dt " dt^ dt^ dt^ 

or jr^'ja-jc [47] 

Hence, the relative displaceme7it, velocity j and acceleration 
of a mobile Ma referred to a second mobile Mc is equal to the 
dbsolvte displacement, velocity, and acceleration of Ma minus 
the absolute displacement, velocity^ and acceUration of Mc. 

48. Apparent motion. — ^Imagine an observer situated on 
M'c and observing the motion of ilfa. The quantities which 
he would measure would be exactly the relative displace- 
ment, velocity, and acceleration of Ma, and he would there- 
fore know only the relative motion of Ma. For this reason 
relative motion is important and is often termed apparent 
motion. 
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Suppose, for example, one train to foHow another. A 
passenger on the second train can observe whether he is 
gaining or losing on the first, and if he has means for measur- 
ing the distance between the two trains, can tell how much 
he is gaining or losing per minute, that is, he can determine 
the relative or apparent motion of the, first train. 

49. Convective motion. — ^Transposing the terms of [46] 
and [47], he have 

Va=Vc+Vr , [48] 

]a-]c+jr [49] 

The absolute velocity and acceleration of Ma are then 
seen to be made up of two terms, one due to the motion of 
Mc itself and the other due to the relative motion of Ma 
referred to Mc. If we imagine Ma to be invariably con- 
nected with Mc and carried along with it in its motion, 
the absolute velocity and acceleration of Ma are the same as 
those of Mc, but if Ma moves with respect to M^ an additional 
term is introduced due to this relative motion. We then 
divide the absolute motion of Ma into two components^ 
one due to the motion of Mc itself and the second due to 
the relative motion of Ma referred to Mc. This first com- 
ponent due to the motion of Mc is called the convective 
motion of Ma. 

i velocity I 
Hence, the absolute \ , ^ . >of Ma equals the sum of 
' ( acceleration j ' " ^ ' 

j velocity I - . , . ( velocity ] ^ 
the convective < 7 ^ • r o,nd the relative \ 7 ! r ot 

( acceleration ) ( acceleration ) 

Ma. 

Suppose, for example, a man walking dovm. the aisle 
of a moving car. His absolute velocity — referred to one 
of the stations as origin, say — is equal to the sum of the 
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absolute velocity of the car and his relative velocity in 
the car. 

A man owns a rifle that gives a velocity of a mile a 
second to the bullet. He stands on the rear platform of 
a train moving a mile a minute and fires down the track. 
What is the motion of the bullet? 

Considering the direction in which the car is moving 
as positive, then the convective velocity of the bullet is 



, mile 



minute 



and its relative velocity is 



^^ miles 

Vr=^ -60 



minutes 



Hence its absolute velocitv down the track is 



. ^^ ^^ miles 
t?. = l-60=-59^ 



mmutes 



the minus sign indicating that it is moving in a direction 
opposite to that of the train. 

50. Simultaneous motions. — Due to the method just 
described, of breaking up the absolute motion into the 
convective and relative motion, a mobile is said to possess 
both of these motions simultaneously j and this way of speak- 
ing is justified by what precedes. It is to be understood, 
however, that it is only an abbreviation of language. The 
method given for obtaining the absolute motion from these 
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two simultaneous motions is termed the composition of 
motions. 

Any number of intermediate mobiles Mc^, Mc^ . . . Mc 
may be imagined and the relative motion of each may be 
given with respect to the one that precedes it. Thus the 
motion of Mc^ may be given with respect to and the 
motion of Mc^ with respect to Mc^ . . . the motion of Mc 
with respect to Afc^_i, and finally the motion of M^ with 
respect to Mc^. We then have 

2^0 = ^6+^12 + ^23+ . . . +f(v-l)v + fr [50] 

where ^a-Di denotes the displacement of Mc^ relative to 
Afc._j, and fr the displacement of Ma relative to Mc . 
Differentiating 

Va = Vc + Vr,, + Vr,,+ . . . +%_i), + Vr [51] 

ja = jc + jr,2 + k, + . . . +Jr(,_i^, + yr [52] 

51. Composition of harmonic motions of same period. — 
If we have 

Xc =ac sin (ni — ^c) 
fi2 =ai2sin (ni-^12) 



then 



f(v-i). =«(.-!). sin (/z^-0(^_i)J 
fr = Ur sin {nt = ^r) 

Xa=ac sin {:nt — (j>c) + ... +0^- sin {nt — ^^ [53] 
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52. Representation of the amplitude and phase by a 
vector, — In order to study this resultant motion of M^ it 
is convenient to make the following geometric construc- 
tion. Draw in a plane a line OP (fig. 19) not necessarily 
in any way connected with the line along which the har- 
monic motions take place. 




Fig. 19. 



From as origin draw vectors 



OAc OA(i_i), 



OAr 



of lengths 



a. 



(^(i-l)i 



Or 



making angles 



<t>c 



4>{i- 



1)1- 



^r 



with the line OP, measured in the positive direction. 
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53. Equation of the resultant motion. — Construct the 
geometric sum of these vectors 

OA^OAc^- . . . +0i4(i_i)»+ . . . +OAr 

and let a represent its length and ^ the angle it makes with 
OP, measured in the positive direction. 
Draw an axis OZ making the angle 

with OPj measured in the negative direction. 

Then the projection of OA on OZ equals the aJgebrsdc 
sum of the projections of 

OA, Oilu_i)» OAr 

on OZ for all values of t, and expressing this analytically, 
we have 

acosf — —nt+<l>] =ac cosf- —nt+<j>cj+ . . . 

+ a(i_i)iC0s(|-r2^ + ^(i_i)ij+ . . . +ar cosf |--n^+<^, 

which may be written 

a sin (nt — (J>)=ac sin {nt — (j)c)-\- ... + a^- 1 )» sin nt — ^(^-^ i)^-) 

+ . . . +ar sin (nt — <f)r) 

Comparing this equation with [53] we see that 

Xa = a sin {nt - <t>) [54] 
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Therefore, the resultant motion of any number of simul- 
taneous harmonic motions of the same period and along the 
same line is a unique harmonic motion of the same period 
OS the component motions and whose amplitude and phase 
are given by the geometric sum of the vectors representing the 
amplitudes and phases of the component motions. 

Corollary. — The relative motion of two mobiles having 
simple harmonic motions along the same line of same period 
is a simple harmonic motion unih this periody whose amplitude 
and phase are represented by the geometric difference of the 
two vectors representing the amplitudes and phases of the 
component motions, 

54. "^^brations of different periods. — The problem of the 
composition of two harmonic motions of different periods 
is much more complex. Suppose, for example, that we 
wish to find the resultant motion of two harmonic vibrations 
of periods 

27: , 27: 

— and — 
n Til 

its equation is of the form 

X = a sin (r?^ — ^) + ai sin {riit — ^1) [55] 

and although each component is harmonic, the resultant 
motion will be neither harmonic nor, in general, periodic. 

It will be periodic but not harmonic when the two periods 
are commensurable, for if 2t7: be the common measure and 
we put 

,27r , 2;r 

n=k — ni=ki— 

T T 
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where k and kt are integers, then when t is increased byr 
the arguments of the two terms of [55] increase by 

2A;7r and 2ki7: 

respectively, so that t is a period. 

If we wish to find the limits of elongation by equating the 
velocity 

v=na cos (nt — <t>)+ riiai cos (rii^ — ^i) 

of the resultant motion to zero, we have the transcendental 
equation 

na cos (nt — ^) + riiai cos {riit — <^i) = 
which can only be solved by approximation or graphically. 
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VELOCITY AND A(XELERATION IX CURVILINEAR MOTION 



A. Velocity 

55. Displacement. — 56. Velocity. — 57. Algebraic value of the ve- 
locity. — 58. Projection of the velocity on the displacement. — 
59. Geometric representation of the path. — 60. Projection of 
the velocity on any axis. 

B. Acceleration 

61. Acceleration. — Hodograph. — 62. Projection of the acceleration 
on any axis. — 63. Projection of the acceleration on the tan- 
gent aYid principal normal. — 64. Projection of the acceleration 
on the binormal. — 65. Ck)ndition that the acceleration be con- 
stantly tangential or normal to the path. Ck)ndition that the 
acceleration be constantly zero. — 66. Ck)mposition of motions 
along the same path. 

A. Velocity 

55. Displacement. — In rectilinear motion the abscissa 
of the mobile was spoken of as its displacement. This 
notion extended to motion in 
any path leads to the definition 
of the displacement of the mobile 
M with respect to the fixed 
point (fig. 20) as the vector 
OM. 

Denote this vector by the 
letter r. The displacement is, 
then, a variable vector with an 
arbitrarily chosen origin. 

61 




Fig. 20. 



62 



ELEMENTS OF KINEMATICS AND MECHANICS 



56. Velocity. — The velocity in curvilinear motion is 
defined as the geometric derivative of the displacement, or 



Dt 



[56] 



The mobile being at M at the instant t, and at Mi at 
the instant t+M (fig. 21), then 




Fig. 21. 



7 = lim 



ri—r 



J 



= lim M\V]jt^o 



= MV 



where MW is a vector in the direction MMi of length 



MMi 

M 



and MV is the limiting position of MW as M tends to zero, 
and is therefore tangent to the path C at M. 
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Hence, the direction of the velocity is along the tangent 
to the paih at M, in the direction of motion. 
Now [56] may be written algebraicaUy 



y^y chord AfMiT 
^^ Jt Ji<-( 



T. X chord MMi chord AfMi arcMMj 

But - - 



Jt arc MMi Jt 



and therefore 



-_ ,. / chord MMi arc MM A 



.. chord MMi ,. arc MMi 

=nm iTiT — . lim jz 

arc MMi Jt 

y arc M M i "1 






,. chord MMi 
since nm 



arc MM 



-] -1- 

1 -Jilfi-Af 



The algebraic value of the velocity may then be regarded 
as the limit of the ratio of the distance travelled by the mohih 
to the time required to travel this distance, as the time tends 
to zero. 

This is analogous to the velocity in rectilinear motion. 

57. Algebraic value of the velocity. — If the equation of 
motion along the given path c be 
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where s is the length of the arc MqM (fig. 22) measured 




Fig. 22. 



from some fixed point Mq on the path, then the algebraic 
value of the velocity is 



for 



arc MqM 'I _ds 
^t Jjt~o~dt 



[57] 



58. Projection of the velocity on the displacement. — The 

projection of 7 on r is the projection of the geometric de- 
rivative of a vector on the vector itself, and hence by [26] 

' dt 

If then the equation of motion along the given path be 
written 

r=/(0 



^-^i =/'(') 



[58] 



CURVILINEAR MOTION : VELOC ITY AN D Aa'ELERATION 65 

59, Geometric representation of the path. — ^The displace- 
ment r will describe a cone with vertex at 0, and the path 
c will be a curve lying on this cone. 

It may be imagined as traced by a mobile which moves 

dx 
along r with the velocity -tt while r describes the cone. 

If --jT- is zero, the path is the intersection of the cone with 

a sphere of radius r. 

60. Projection of the velocity on any axis. — From the 
theorem of Art. 12 it follows that 

The projection of the velocity on any axis through 0, as 
OX {fig. 23), is the algebraic derivative of the projection of 
the displacement r on OX. 




Fig. 23. 



Hence 



Fa;=-^(r cos ^) 
or 7, = __,gu,^_ [593 
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B. Acceleration 

6i. Acceleration. — If the velocity is not constant in 
magnitude and direction, it is necessary, in order to deter- 
mine the motion, to know how it varies. 

The geometric derivative of the velocity is defined to 
be the acceleration. The acceleration is« then a vector MJ 
(fig. 24), the geometric derivative, of the vector MV. 




Fig. 24. 



We may then write 



•^ Dt 






[60] 



Hodograph. — ^If from a fixed point, say, a vector be 
drawn equipollent to MF, the path described by the 
extremity of this vector is termed the hodograph of the 
motion. 

Hence, the velocity of the point which describes the hodo- 
graph is equipollent to the acceleration of the mobile. 
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62. Projection of the acceleration on any axis. — Since 
(Art. 12) the projection of the geometric derivative of a 
moving vector on any line is the algebraic derivative of 
the projection of the vector on that line, it follows that 

The projection of the acceleration on any line is the alge- 
braic derivative of the projection of the velocity on that line, 
and is therefore (he second algebraic derivative of the projec- 
tion of the displacement on thai line, 

63. Projection of the acceleration on the tangent and 
principal normal. — Since the projection of the velocity on 
the tangent at M is 

ds 

then the projection of the acceleration on this tangent is 
(fig. 25) 



Jt= 



d«2 



[61] 




Fig. 25. 



Since the principal normal, MN, is perpendicular to the vec- 
tor OV; then (Art. 12, Corollary) the projection of J on the 
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principal normal, taking the inward direction as positive, is 



\dt / ^«9o< 



where ^ is the angle between MN and OV. 
This may be written 



72 



[62] 



where p is the radius of curvaiure at M, since 



(: 



f) -i and i, negative. 

ds 1 0=900 p 



64. Projection of the acceleration on the binormal. — Let 

^ be the angle between the binormal MB and OF. Then 
the projection J on MB is 



=0 



smce 



\as / ^_9o« 



Hence, ^/i6 acceleration lies in the osculating plane and is 
directed toward the concave side of the path. 
It is, therefore, as drawn in fig. 25. 
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65. Condition that the acceleration be constantly tangen- 
tial or normal to the path. — ^Theorem I. — In order that the 
acceleration he constantly tangent to the path it is necessary 
and sufficient thai the motion be rectilinear. For by the 
first problem of Art. 14 the orientation of the velocity must 
be constant. 

Theorem II. — The necessary and sufficient condition that 
the acceleration be constantly normal to the path is that the 
motion be uniform. 

For by problem two of Art. 14 the velocity must be 
constant in magnitude. 

Condition that the acceleration be constantly zero. — 
Theorem III. — In order that the acceleration be constantly 
zero it is necessary and sufficient that the motion be uniform 
rectilinear. 

For by problem three of Art. 14 the velocity must be 
constant both in orientation and magnitude. 

66. Composition of motions along the same path. — 
All that has been said in Chapter III on uniform, uniformly 
accelerated, and periodic motions in a straight line applies 
here by changing x into s and acceleration into tangential 
acceleration. 

Similarly, all that has been said concerning relative 
motion along the same straight line in Chapter IV applies 
here to relative motion along the same path by making 
the same changes. 



CHAPTER VI 

ANGULAR AND AREAL MOTION. EQUATIONS AND 

GENERAL THEOREMS 

67. Angular displacement. — 68. Angular velocity. — 69. Relation 
between linear and angular velocities. — 70. Angular accelera- 
tion. — 71. Relation between linear and angular accelerations. — 
72. Areal velocity. — 73. Extension of theorems already found. — 
74. Equations of motion. Remark. Units of time and dis- 
placement. Homogeneity. — 75. Equation of uniform motion. — 

76. Equation of imiformly accelerated angular motion. — 

77. Equation of motion when angular acceleration is not con- 
stant. — 78. Properties of uniformly accelerated angular motion. — 
79. Periodic angular motion. Harmonic motion. — 80. Relative 
angular motion. — 81. Composition of harmonic angular motions 
of same period. 

67. Angular displacement. — Consider the case where the 
path of the mobile is a plane curve, and let (fig. 26) be any 
point in the plane of the path and OX sl fixed axis in that 
plane. 

Let the mobile be at M at the instant t, and denote the 
angle XOM by 0. 

The angular displacement of the mobile about at the 
instant lis a vector 06 perpendicular to the plane, of length 
6 J and so drawn that an observer standing with his feet at 
and head at B sees the mobile moving from left to right 
in its path. 

70 
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68. Angular velocity. — ^The angular velocity of the mobUe 
about is, by definition, the geometric derivative of the 




Fig. 26. 



angular displacement, and denoting the angular velocity 
by ojy we have 



- DO 
Dt 



[63] 



Since the angular displacement remains perpendicular 
to the plane of the path, the angular velocity is also perpen- 
dicular to this plane, and is equipollent to the vector Ooj 
drawn at normal to the plane and of length equal to the 

arithmetic value of -jrr. 

Now since the geometric derivative of the angular dis- 
placement is constantly directed along the displacement, 
its magnitude is equal to its projection on the displacement, 

dff 
v^hich is ^. 
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Therefore, the algebraic value of the angular velocity is 

de 

-=5^ [64] 

69. Relation between linear and angular velocities. — 

Making use of the theorem of Art. 12, we have at once 

7 cos <^ = -IT cos 4>^'tSx cos 0) [65] 

where ^ is the angle between the linear velocity and OX. 
Corollary. — If the path is a circle with centre at O, then 

^=5 + 0, and r is constant, whence 

ds dff 

— 37 sin ^ =r sin d-jr 

dt dt 

^^di^'Tt^'^ t^] 

Hence, the algebraic value of the linear velocity equals the 
radius of the circle times the algebraic value of the angular 
velocity. 

70. Angular accelerations. — The angular acceleration is, 
by definition^ the geometric derivative of the angular 
velocity. Denoting it by a, we have 






Since the angular velocity is constantly normal to the plane 
of the path, the angular acceleration is also, and its alge- 
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braic value equals its projection on the angular velocity. 
Hence 



d^d 
The vector Oaj of length ^, normal to the plane is then 

equipollent to the angular acceleration. 

71. Relation between linear and angular accelerations. — 
Denoting by ^ the angle between the linear acceleration 
and velocity, and using the theorem of Art. 12, we have 
from [65] 

dV d { 1 d ^ ) 



CoROiXARY. — If the path is a circle with centre at 0, 
then 





F = 


dd 
~^dl 




dV 


dW 




dt ~ 


dt 


/ 


cos <!> = 


dW 




Jt = 


d^d 
'^dt^ 



and 



or Jt-r^ = ra [70] 

Hence, the tangential component of the acceleration of a 
mobile moving in a circle is equal to the product of the radius 
and the angular acceleration of the mobile about the centre. 
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The normal component is 

y2 y2 

p T 

and is directed toward the centre. 

« 

72. Areal velocity. — I^t Mo be the point where OX inter- 
sects the path (fig. 27). The arecd displacement, velocity , 




Fig. 27. 



and deceleration are defined in exactly the same way as 
the angular displacement, velocity, and acceleration, except 
that, instead of the angle 6, the area A of the curvilinear 
triangle MqOM is used. 



Hence 



and 



Areal V = 



Areal J = 



dA 

dt 

d Areal V d^A 



dt 



dt^ 



Since, when and the path are given, A is determined, 
these can be expressed in terms of the angular velocity and 
acceleration. 
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Let dA represent the increment of 4 in time dt^ 



Ad Ad 

then either ;rr2— 5 JA ^ ^i^27r 



AO Ad 

or ^'2;^ = ^^ = ^i'2;? 



Whence 



or 



r2 ^<;^<nf AO 
2' At- At - 2' At 



2 '5^= At-2 'At 



Now when J^ tends to zero the two variables between 

A A , . r^ dJd 

which —77- Ues tend to the same Umit ^ -^ 



hence 



dA_r2 d^ 
dt~2 'dt 



r2 dd 
or ArealF = ^.^ [71] 



and ^^^^''^ = 5-^2-5^) t72] 



These formulae find immediate application in the motion 
of a planet about the sun, the law of motion being such 
that the areal acceleration is zero, and hence the areal 
velocity constant. 
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To express Areal V and Areal J in terms of the rec- 
tangular coordinates of Mi we have 

a:=r cos ^ y=r sind 

r 

dx dr ^ . jdd 

dy dr . ^ M 

37=37 sin ^+r cos ^37 
di dt dt 

dy dx Jid 
Hence ''dt-ydt='dt 

Therefore Areal F=|(x^-j/^) [73] 

and Areal J=^{^^-y^) [74] 

73. Extension of theorems already found. — What has 
been said in Chapters III and IV about motion along a 
straight line can for the most part be extended to angular 
motion about a point by reading " angular displacement/' 
" velocity/' and " acceleration " where linear displacement, 
velocity, and acceleration occur. 

74. Equation of motion. — As in the case of rectilinear 
and curviUnear motion, the equation of the path being 
supposed giveriy in the form, sa}'^, 

r=FiO) 
the equation of motion may be written 
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and if this be known the angular velocity and acceleration 
are immediately obtained from the relations 

dO 

If the angular displacement be taken as the independent 
variable, the equation of motion may be wTitten in the 
second form 

and the velocity and acceleration are by the same reasoning 
employed in Art. 33 

1 



a> = 



a= — 






Remark: Units of time and displacement. Homoge- 
neity. — ^The imit of time is, unless otherwise stated, the 
second, and the unit of angular displacement may be taken 
as the degree or radian, preferably and usually the latter 
imless the contrary is stated. 

The same remarks as made in Arts. 22 and 23 hold con- 
cerning homogeneity and change of imits. 

75. Equation of tmiform motion. — ^As before, the motion 
is said to be imiform when the angular velocity is constant^ 
and the equation of such motion is 

e=do + (d [75] 
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obtained by integrating 

dJd 

-7r = ajj Si constant 

The two theorems of Art. 34 now read: 

Theorem I. — In a uniform angular motion the angular 
displacement is a linear function of the time. 

Theorem II. — Every angular motion whose angular dis- 
placement is a linear function of the time is uniform, 

76. Equation of tmiformly accelerated angular motion. — 
By integrating 

d^e ^ ^ 

,,2 =ct, a constant 

we arrive at the equation 

e=^0o + (oot+ifat'^ [76] 

which is the equation of motion when the angular accelera- 
tion is constant. 

77. Equation of motion when the angular acceleration 
is not constant. — ^The discussion of Art. 32 leads at once to 
the form 

e^f(t,c,ci) 

and the same remarks apply. 

78. Properties of uniformly accelerated angular motion. — 

The entire discussion of Arts. 36-38 inclusive will apply 
with the changes noted above, and give the fundamental 
equation 

aP = (Oo^+2a{d^do) [77] 

and the 
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Theorem. — A uniformly accelerated angular motion has 
two phases: one prevums to the unique instant where the velocity 
vanishes and the position Mi of the mobile is defined by the 
displacement 

R ft ^^ 



2ix 



the other subsequent to this instant. 

During the first phase the mobile travels toward the point Mi 
with a uniformly retarded angular motion^ and reaches it at 
the instant 



a 



There it comes to rest and then returns on its path during the 
second phasCy describing the original path in the opposite 
direction with uniformly accelerated angular motion. 

It reaches the point Mi but once^ every other point in the 
paih twice. It takes the same time to go from any point M to 
Ml as to return, and repasses M with the same angular velocity 
as at first passage but in the opposite direction. 

79. Periodic angular motion. Harmonic motion. — Har- 
monic angular motion being defined in the same way as 
harmonic linear motion, its equation is 

e=p^m{nt-<t>) [78] 

and amplitude, elongation, period, frequency, argimient, and 
phase have the same meaning as in Art. 41, where angle is 
read for distance. 
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The entire argument of Arts. 42-44 inclusive applies, 
giving the period 



and frequency 



n 



1=± 
T~2n 



angular velocity and acceleration 



dJd 
w=-jT-=pn cos {nt—<p) 



[79] 



[80] 



The mobile vibrates about the centre of rotation O 
(fig. 28), coming to rest at the points Aq and Ai and return- 
ing on the path, repassing any 
point with the same angular 
velocity but in opposite direc- 
tion. The phase has the same 
influence as in rectilinear har- 
monic motion. 

So. Relative angular mo- 
tion. — All the statements and 
theorems of Chapter IV on 
relative motion along a line 
apply to angular motion if the 
terms be properly interpreted. 
Suppose two mobiles Mc and Ma 
to be moving about the same centre (fig. 29), the 




Fig. 28. 
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angle 0^., which is the absolute angular displacement of Mc, 
is termed the convective angular dispUicement of May and ^r 
is termed the relative angular displacement of Ma- 




We have then 



^r=0a-0c 



dSr d0a ddc 



-X 



'^'=5r=dr-"dr ='"«-'"« 



[81] 



[82] 



d^Qr dWa dW, 



""■ dt^ dt^ dt^ "" "* 



[83] 



The equation of relative angular motion is 



,^r = /a(0-/c(0 



[84] 



The equations of Art. 50 for the composition of motions 
become 



0a = O, +&12+ ... +«(.-i). + '8. 



[85] 



Wa = Wc + Wru+ • • • +<^r(„_i)„ + Wr 



[86] 



(x^r=a^+a^^^ +ar^+ ... +a,^^_jj^+a. 



[87] 
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8 1. Composition of harmonic angular motions of same 
period. — The equations of Arts. 51, 52, and 53 become 

*r,2 = /?12Sin (^i-012) 



'^r'=Pr sin {nt — <t>r) 

Ga^Pc sin (rd-<l>c)+ . . . +/?r sin {rtJt—<p^ 
= /? sin {nt — 0) 

and the same discussion as in Art. 54 applies to composition 
of angular harmonic motions of different periods. 



CHAPTER VTI 

MOTION REFERRED TO COORDINATE AXES 

82. Important remark. — 83. Projection of the motion on a plane 
and on an axis. — 84. Projection of the velocity and accelera- 
tion. — 85. Ekjuations of motion referred to the coordinate 
axes. — 86. Ek^uations of the projected motion on the coor- 
dinate planes. — 87. Projection of the path. — 88. Equations of 
the projected motion on the coordinate axes. — 89. Projections 
of the velocity. — 90. Equations of motion of the point which 
describes the hodograph. — 91. Projections of the acceleration 
on the coordinate axes. — 92. Resume. — 93. Most general mo- 
tion in which the projected motions are uniformly accelerated. — 

94. Motion in which the projected motions are harmonic. — 

95. Rectihnear harmonic motion considered as the projection 
of uniform circular motion. 

82. Important remark. — ^Throughout this chapter the 
axes will be assumed rectangular and the projections orthog- 
onal, however, most of the statements and theorems will be 
true of oblique axes with the necessary modifications. 

83. Projection of the motion on a plane and on an axis. — 
Consider (fig. 30) a mobile describing in space any path 
whatever and a fixed plane 77. Let M be the position of 
the mobile at the instant t. Project M on 77 into m. To 
each position of M in its path will correspond a determinate 
point m. The point m may then be regarded as a second 
mobile, whose motion is completely defined by that of M. 

83 
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The motion of m is termed the projection of the motion of 
M on the plane n. 

Let X'X be a fixed axis — ^not necessarily in any way 
connected with the plane 77 — ^and project M on this axis 
into m'. Regarding this point m' as a mobile, its rectilinear 




Fig. 30. 

motion is termed the projection of the motion of M on the 
axis X'X. 

84. Projection of the velocity and acceleration. — ^The 
velocity of M is the geometric derivative of the displace- 
ment r, 



or 



F=^ 



Dt 



Hence by the theorem of Art. 12, that the projection of 
the geometric derivative of a vector on a plane is equipol- 
lent to the geometric derivative of the projected vector, 
we have 



^' \Dt), Dt ^ 



[88] 



from which follows the 
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Theorem I. — The projection of the velocity on any plane 
is equipollent to the velocity of the projected motion in tfcat 
plane. 

Again, from 



- DV D^r 
'^~ Dt ~Dt^ 



we have, by applying the theorem of Art. 12, 



'■=^7f)=BT=' M 



t: 



whence the 

Theorem II. — The projection of the acceleration on any 
plane is equipollent to the acceleration of the projected motion 
in that plane. 

If instead of projections on the plane U we consider pro- 
jections on the axis OX the same reasoning gives. 

Theorem III. — The projection of the velocity on any axis 
is equal to the velocity of the projected motion on that axis. 

Theorem IV. — The projection of the acceleration on any 
axis is equal to the acceleration of the projected motion on 
that axis. 

85. Equations of motion referred to the coordinate axes. — 
Let X, J/, z be the coordinates of the mobile at any instant 
t. Then x, y, and z are uniform, and continuous fimctions of 
the time. 



Let x=f (0 ] 

2/=/i(0 

Z = f2{t) J 



[90] 



These three equations taken together are called the 
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equations of motion, since at each instant they define the 
position of the mobile uniquely. 

But any two of them together and any one of them 
have interpretations which it is useful to know. 

86. Equations of the projected motion on the coordinate 
planes. — Suppose the motion projected on the XY plane. 
The projected mobile has in this plane at each instant 
the same coordinates x and y as the mobile in space. Its 
equations of motion are then 

^-m ' y=-h(t) 2=0 

that is, the two equations 

x=m 2/=/i(o 

are the equations of the projected motion on the XF-plane. 
Similarly the pairs of equations 

2/=/i(0 2=/2(0 
and 3:=/(0 ^=f2{t) 

are the equations of the projected motion in the other two 
coordinate planes. 

87. Projection of the path. — Since the two equations 

x-=m y-hit) 

considered in the XY-plane are the equations of the pro- 
jected motion in that plane the elimination of t gives a 
relation between x and y satisfied at each instant by the 
coordinates of the projected mobile. They are, therefore. 
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the parametric equations of the path of the projected mobile, 
and hence of the projected path. 

Similarly the remaining two pairs give the projected 
path in the other two coordinate planes. Two of these 
projected paths determine the path in space. 

The three equations of motion 

x-f{t) y=fi{t) z=f2(t) 

may also be regarded as the parametric equations of the path 
in space. 

88. Equations of the projected motion on the coordinate 
axes. — Projecting the mobile on the A'-axis, the projected 
mobile will have the same abscissa as the mobile in space, 
and its equation of motion is therefore 

Similarly the remaining two equations 

.t/ = /l(0 ^ = /2(0 

are the equations of the projected motion on the other two 
axes. 

Hence each equation considered alone is the equation of 
the projected motion on the corresponding axis, 

89. Projections of the velocity. — ^The velocities in the 
projected motions on the coordinate axes are 



!=/'(,) |=/,^(o |=/,^(o 
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But by Theorem III of Art. 84 these are equal to the pro- 
jections of the velocity of the mobile in space. Hence 

^'=^^^'^^^ ^«'=f=/^'('^ ^'=§=^'^'(*) t91] 

which give the 

Theorem. — The projections of the velocity of a mobile on 
the three coordinate axes equal the first derivatives of the coor- 
dinates of the mobile with respect to the time. 

90. Equations of motion of the point which describes 
the hodograph. — The hodograph is the path described by 
the extremity of a vector equipollent to the velocity, and 
drawn from a fixed point, which we may take as 0. The 
coordinates of this extremity are at any instant 

Hence, (he three equations 

xi=f\t) 2/i=/i'(0 2l=/2'(0 

may be regarded either as the equations of motion of the point 
which describes the hodograph, or as the parametric equations 
of the hodograph itself, 

91. Projections of the acceleration on the coordinate 
axes. — By Theorem IV of Art. 84 we have at once 

These equations give the 

Theorem. — The projections of the acceleration of a mobile 
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on the coordinate axes eqtud the second derivatives of the coor- 
dinates of the mobile with respect to the time. 

92. R^sum^. — Denoting the first derivatives of the 
coordinates of a mobile with respect to the time by 



and the second derivatives by 

x" 1/' 2" 

we have the following propositions: 

1° The velocity F of a mobile M is the geometric sum 
of the three velocities 

^ 2/' 2' 

drawn from M parallel to the three axes of coordinates, 
whence 

y =^ +^ +/ [93] 

and 72=2/2+2^2+^2 [94] 

2° The acceleration J of a mobile M is the geometric 
sum of the three accelerations 

x" y" /' 

drawn from M parallel to the three coordinate axes, whence 

and J2=a//2+y//2+;j//2 [96] 
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3"* In projecting these equipollences on a line L whose 
direction cosines are a, /?, /-, we have 






[97] 
[98] 



93. Most general motion in which the projected motions 
are uniformly accelerated. — ^Here 



are constants, and integrating 



we have 



J. 



^'-Jx r/'--Jy Ti'^J. 






[99] 



Multiplying these three equations by the arbitrary con- 
stants A, ^1 and ^2 adding, 

Choosing X, Xi, and hj so that 
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which can always be done, we have 

^ -f /ij/ + ^22 = /a -f Alb -f A2C [100] 

At every instant, then, the coordinates of the mobile 
satisfy an equation of the first degree, and hence the path 
lies in the plane defined by equation [100], 

Again, since Jx, Jy, and J", are constants, / is constant 
both in magnitude and direction, and choosing this direction 
as the Z-axis and the plane of the path as the XZ-plane, 
the equations of motion are of the form 



x=a+a^t 
J/=0 
z^^c-hc't-^-iJt^ ^ 



Eliminating t between the first and third of these. 



[1011 



— K^-?)+4^(v°)' nm 



which is the equation of the projected path in the A^Z-plane, 
and hence of the path of the mobile. 

94. Motion in which the projected motions are harmonic. — 
The equations of motion are 

x=a sin (nt — ^i) 
J/ =6 sin (n^ — ^2) 
z = c sin (nt — ^) 

Expanding sin (ni — ^i), we see that each of these equations 
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is linear in sin nt and cos nt. Eliminating these two vari- 
ables, we have an equation 

Ax+By+Cz-^D^^^O [103] 

linear in x, y, and z, which shows that the path is a plane 
curve. 

Taking this plane as the plane oi XY, the equations of 
motion take the form 



a:=asin (nt — (f>i) 
j/ = 6sin (nt — (f)2) 

2 = 



[104] 



Solving the first two of these equations for sin ut and 
cos ut and substituting in 

cos2n^+sin2n^ = l, 

we obtain the equation of an ellipse, which is the path of 

the mobile. 

In particular, if the difference of phase is -, equations 

[104] take the form 

a;=asin (nt — (l>) 
y = bcos(nt-'^) 

Whence * -^+l5 = l 

a^ (r 

The projections of the acceleration are 

Jx=^'= -n^x 
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Whence J^ = — n*(x2 -f j/^) = — nV 

and Jx="-n^r — = — / — 

r r 

r r 

Hence, the acceleration of the mobile is constantly directed 
toward the centre of the elliptic path and its algebraic value is 

J ^ —n^r 

from which it follows that it is proportional to the distance 
of the mobile from the centre, 

Jib=^a, the path is circular and the acceleration is toward 
the centre and constant. The tangential acceleration is 
consequently zero, and the circular motion is uniform. 

95. Rectilinear harmonic motion considered as the pro- 
jection of tiniform circular motion. — Every harmonic vibra- 
tion in a straight line may be looked upon as the projection 
of a certain uniform circular motion on one of its diameters. 
Suppose the harmonic motion defined by 

x=asin {nt — cf)) 




along the line X'OX (fig. 31). From as centre with radius 
a construct a circle, and imagine this circle traversed by a 
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fictitious inobUe M with constant angular velocity n and 
in a direction chosen at will — that of the arrow, say. 
A the instant ^=0 let the fictitious mobile M be at C, 

so that the angle AOC measured in a direction opposite 
to that of the motion, that is, in the negative direction, 

equals o + ^. At any other instant t let the fictitious mobile 
be at M. Then the angle 

/\ 
0=AOM 

measured in the positive direction is 

and the projection m of the fictitious mobile M has the equa- 
tion of motion 

x = a cos 6 = a cos [nt—^—<l> 

= a sin {nt — <j>) 

Hence m coincides with the mobile making the harmonic 
vibrations along Z'OX, which vibrations may therefore be 
considered as the projection of the motion of M. 



CHAPTER VIII 
RELATIVE MOTION. MOVING AXES 

96. Fixed and moving axes. — 97. Equations of absolute and rela- 
tive motion. — 98. Statement of the problem. — 99. Motion of 
the relative axes. — 100. Solution of the problem. 

96. Fixed and moving axes. — Consider a mobile M 
describing a path in space, and refer the motion to a set of 
axes 0-XYZ (fig. 32). Imagine a second set of rectangular 
axes A-SHZ in motion with respect to 0-XYZ. 




Fig. 32. 



The axes 0-XYZ are called the fixed or absolute axesy 
and A-SHZ the moving or relative axes. The displacement 
r and coordinates x, y, z of M referred to the fixed axes 
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are termed the absolute displdcement and coordinates of M, 
while the displacement p and coordinates 6, i^, C of Af referred 
to the moving axes are termed the relative displacement 
and coordinates of M, Finally, let I denote the absolute 
displacement of A, the origin of the moving axes. The 
motion and path of M referred to the fixed axes are termed 
the absolute motion and path of M, while the motion and 
path referred to the moving axes are termed the relative 
motion and path, 

97. Equations of absolute and relative motion. — The 
equations of absolute motion are 

x-f{t) 2/=/i(0 z=f2{t) [105] 

expressing the absolute coordinates as functions of the 
time, while the equations of relative motion are 

^-m v-Mt) c=^2(o [106J 

expressing the relative coordinates as functions of the time. 

98. Statement of the problem. — The problem to be 
considered is the following: 

1° Given the motion of the relative axes and the relative 
motion of the mobile^ determine its absolute motion. 

2° Given the motion of the relative axes and the absolute 
motion of the mobile^ determine its relative mx)tion. 

99. Motion of the relative axes. — The motion of the 
relative axes is known if at every instant the position of 
the relative trihedron A-S^HZ is known, and its position 
is known if the absolute coordinates of A and the absolute 
direction cosines of the three lines AS, AH, and AZ are 
given as fmictions of the time. 
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Denote by o, oi, 02 the absolute coordinates of A and 
let the absolute dh^ection cosines of the relative axes be 
^ven by the following schema: 





S 


H 


Z 


X 


a 


h 


c 


Y 


«i 


.'>, 


c, 


Z 


<h 


h. 


^n 



where 0, oi, 02 and the nine divection cosines a . . .C2 are 
supposed known functions of the time. 

100. Solution of the problem. — First case, — ^The solution 
consists in this case in finding the initial absolute velocity 
and the absolute acceleration of M in terms of the time. 

From the equipollence 



r = /47> = / + f + i? + C 



projected on the three axes 



x = o-{-a$+bT)-hcZ 
y=oi-\-ai^+bi7j+ciZ 

« = 02 + 02^ + 62'? + C2C 



[107] 



Diflferentiating these equations we obtain the projections of 
the absolute velocity 



a/ 
7/ 




[108] 
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Denoting by Ve the vector whose projections on the 
absolute axes are 

Vc^=o'+a'? + b'rj+c'c 
Vc^=Oi'+ai'$+bi'r)+ci'!: ■ [109] 

Vc^=o-/+a-/$+b'/T}+C2'!:. 

and by Vr the vector whose projections on the absolute 
axes are 



Vr^=a$' +bri' +CC' 
Vr^=ai$'+birj'+ci!:' 

Fr =a2f' + M'+C2C' J 



[110] 



we have for the absolute velocity of M the vector Va given 
by the equipoUence 

Va=Ve + Vr [HI] 

Now Vc is that component of Va which is obtained by imagin- 
ing M invariable with respect to the moving axes, while 
Vr is the component obtained by imagining the relative 
axes at rest, but the mobile to be in motion with respect 
to them. Vr, then, is the velocity which M would appear 
to possess to an observer situated on the relative trihedron 
and carried along with it, while Vc is the velocity which a 
mobile fixed at M and carried alone with the relative trihe- 
dron would have due to the motion of this trihedron. Vc 
is termed the convective velocity of M and Vr the relative 
velocity of M. 

The equipoUence above then gives the 

Theorem. — The absolute velocity of a mx)bile is equipollent 
to the geometric sum of the convective and relative velocity 
of the mobile. 
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Differentiating equations [108] 



z" = 



Jt 



y = 



2" = 



(o" + o"f +h"y)+ c"C) + (of" + hr," + cc") + 2(a'f ' 

(oi" +ai"f +6i"ij +ci"c) + (aif" + 6i)j"+ciC") 

+2(ai'f'+6i'i?'+ci'C') 
(02" + a/'f + W'rt + C2"C) + (a2f " + h2r," + C2C") 

+2(a2'f'+62''j'+C2'C') 



[112] 



Denoting by Jc the vector whose projections on the 
absolute axes are 



Jc^^o" +a"f +6"ij+c"c 1 
/o„ = Oi"+ai"f+6i",+fi"c 

^ = 02"+a2"f + 62"'? + C2"Cj 

by Jr the vector whose projections are 






»n 



off' +6V' +CC 
aif" + 6iij"+CiC" 

02r+62V'+C2C"J 



[113] 



[114] 



and by Jt the vector whose projections are 



Ji = 

y 



2{a'e +b'7i' +c'c') 
2(oi'f' + 6i'y+fi'c') 
2(a2'r + 62''j' + C2'C') J 



[115] 



we have for the absolute acceleration of M the vector J a 
given by the equipollence 



Ja~Jc'^Jr'^*ft 



[116] 
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Now Jc is the component of the absolute acceleration 
due to the motion of the axes, that is, it is what the abso- 
lute acceleration would become if the mobile were invari- 
able with respect to the relative axes, and Jr is the com- 
ponent due to the relative motion, that is, it is what the 
absolute acceleration would become if the relative axes 
were at rest, and therefore Jc is the convective and Jr the 
relative acceleration of the mobile. The third component 
is termed the turning acceleration. The equipollence above, 
then, gives the 

Theorem. — The absolute acceleration of a mobile is equi- 
pollent to the geometric sum of the convective acceleration, 
the reUdive acceleratioUj and the turning acceleration. 

Remark. — The turning acceleration depends only on 
the velocities of the relative axes and the mobile j and hence 
vanishes when the relative axes are at rest, and when the 
mobile is relatively at rest, but both the convective and 
the relative acceleration may vanish and still leave the 
turning acceleration not zero. It will, however, then be 
constant. 

Second case. — In this case the initial relative velocity 
and the relative acceleration as a function of the time is 
required. These are at once obtained by solving equa- 
tions [111] and [116] for Vr and Jr, giving 

Vr-Va-Vc [117] 

Jr-Ja-Jc-Jt [118] 

the components of the relative velocity required in calcu- 
lating Jt being obtained by projecting [117] on the relative 
axes. 



\ 



CHAPTER IX 

MECHANICS OF A FREE PARTICLE 

101. Material point or particle. — 102. Purpose of this book. — 
103. The problem of mechanics. — 104. The role of observation 
and experiment. — 105. Principles of mechanics. — 106. The abso- 
lute axes. — Isolated particle. — 107. First principle of mechan- 
ics. — 108. Meaning of the first principle. — 109. Field of force. — 
110. Uniform field of force. — 111. Constant field of force. — 
112. Superposition of fields of force. — 113. Second principle 
of mechanics. — 1 14. Meaning of the second principle. — 115. Reac- 
tion of the particle on the field. — IIG. Third principle of mechan- 
ics. — 117. Meaning of the third principle. — 118. Properties of 
the coefficients Pij. — 119. Definition of mass. — 120. Force. — 
121. Observations on the notion of force. — 122. Composition 
of forces. Resultant. — 123. Decomposition of forces. Compo- 
nents. — 124. Equilibrium of a free particle. — 125. Force acting 
on a particle at rest. — 126. Xew definition of direction of force. — 
127. Tangential and normal force. — 128. Resistance. 

loi. Material point or particle. — In the preceding chap- 
ters we have studied the motion of a geometric point, and 
have seen that for the complete determination of this motion 
only the notions of space and time are necessary. Knowing 
at any instant the displacement and velocity of the point 
and knowing the acceleration as a function of the time we 
can assign the motion completely. To do this it is only 
necessary to integrate the differential equations of motion 
of the point 

101 
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y" = J, [119] 



under the restrictions that the displacement and velocitj- 
shall have the assigned values at the given instant, which 
restrictions serve to determine the constants of integration. 
To effect the integration and obtain the equations of motion 
in their finite form is a problem of pure mathematics, which, 
while theoretically possible, may be of great practical diffi- 
culty. However, with it as such we have not to du. the 
problem, considered as a problem of kinematics, being 
solved when we have obtained the differential equations of 
the motion. 

As soon, however, as we begin to apply the theorems 
of kinematics to the material universe we meet the difficulty 
that the geometric point has no existence in the physical 
world, and in order to discuss the motion of bodies as they 
exist we must make certain assumptions concerning them. 

We therefore place ourselves under so-cailed itleal con- 
ditions and assmne a portion of matter which we conceive 
as concentrated at a geometric point. It is with this material 
poivi or parl'kle that we deal in theory, and in applications 
we neglect the dimensions of the actual portions of matter 
under consideration, thereby obtaining a more or less close 
approximation to the true motion. Certain extended bodies, 
spheres for example, behave under certain conditions exactly 
as a material point situated at their centre, so that we obtain. 
their true motions. 

102. Purpose of this book. — It is my purpose here to 
develop in a rigorous manner the elementary theory of the 
motion of a material point or particle, and to thereby furnish 
a point of departure for the consideration of the motion of 
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bodies as they actually occur in the material universe. This 
elementary exposition will then serve as an introduction 
to that portion of the subject which is known as rational 
mechanics, and in which the mathematical theory of the 
motion of portions of matter of ideal forms is investigated 
under ideal conditions, leaving the special applications to 
the particular sciences. 

103. The problem of mechanics. — Since, as we have seen, 
the motion of a geometric point is known as soon as we 
know its initial displacement and velocity and its acceleration 
OS a function of the time, so the motion of a particle is known 
as soon as we can assign the displacement and velocity at 
a particular instant and the acceleration at every instant. 

In kinematics the acceleration was given as one of the 
known quantities of the problem, but in mechanics, on the 
other hand, the particle and the physical conditions under 
which the motion takes place are given, and the problem is: 

To determine the law of the acceleration, and hence the 
motion. 

The converse problem may also be proposed: 

Determine what physical conditions will produce a required 
motion. 

We . have here an essentially different and ver}'' much 
larger problem than was discussied in kinematics. There 
we could assign to the mobile any displacement, velocity, 
and acceleration we pleased and determine what motion 
would take place, or we could imagine the mobile to have 
any motion we pleased and in\'cstigate the manner in which 
the displacement, velocity, and acceleration varied along 
the path. In mechanics, on the contrarj^, we find the par- 
ticle under certain physical conditions, and its subsequent 
motion is entirely independent of us; we can only investi- 
gate the manner in which it actually takes place. 
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104. The role of observation and experiment. — For this 
we must have recourse to observation and experiment. 
We can to some extent control the conditions under which 
a particle shall move, but for the most part we are reduced 
to observation both on the conditions and the resulting 
motions. The motion of bodies on the Earth furnishes 
some data, but by far the most important knowledge is 
obtained by observing the motions of the bodies of the 
solar system about each other. 

105. Principles of mechanics. — The results of these obser- 
vations have been reduced to three independent statements, 
known as the principles of mechanics. 

While not directly verifiable, they accord with experi- 
ence to such a degree that departures cannot be detected, 
and the positions of the planets and their satellites are in 
such close agreement with their predicted places that this 
agreement is of the nature of a demonstration. 

106. The absolute axes. — In kinematics the choice of 
the absolute axes was arbitrary. The state of affairs in 
mechanics is different. The principles just spoken of arc 
asserted true of the motion of a particle referred to a par- 
ticular set of axes invariably connected with the so-called fixed 
stars. These I term the absolute axes. Referred to any 
other set the principles must be modified, and this necessary 
modification will be studied in a subsequent chapter. 

It will then be assumed, and this is fundamental in the 
theory, that unless otherwise stated the absolute axes are under 
consideration. 

Isolated particle. — If we conceive all the matter of the 
universe except one particle to cease to exist, this particle 
is termed isolated. Of course no particle ever is isolated, 
but we may assert a statement true of an isolated particle, 
meaning thereby that it describes what would happen were 
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we under these ideal conditions. A set of geometric points 
may be imagined as taking the place of the fixed stars and 
thus determining the absolute axes, they being a geometric 
and not a physical concept. 

107. First principle of mechanics. — The first principle 
may be stated as follows: 

An isolated particle has no acceleration with respect to 
the absolute axes. 

This principle is also termed the principle of inertia. 

108. Meaning of the first principle. — Since an isolated 
particle has no acceleration its velocity is constant and 
hence it either remains at rest or describes a straight line 
with constant speed; that is, its motion is rectilinear and 
uniform. 

In other words, an isolated particle persists in its state 
of motion, and this property is termed inertia. 

Remark. — In virtue of this principle, a particle acceler- 
ated with respect to the absolute axes, that is, a particle 
possessing an absolute acceleration^ must be in the presence 
of other particles. 

It is to be observed that no assertion is made concern- 
ing a particle in the presence of other particles — it may or 
may not be accelerated. What is asserted is this: // the 
farticle is accelerated^ then it is in the presence of other par- 
ticles. 

109. Field of force. — ^A portion of space within a closed 
surface — ^which may be entirely at infinity — is termed a 
field of force when a particle abandoned at rest at any point 
in it takes an accelerated motion. The space occupied 
by the solar system and bounded by a spherical surface 
through the nearest fixed star is an example of such a field. 

There is good reason to believe that this field extends 
through the space occupied by the stars themselves, and 
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we are accustomed to regard infinite space as a field of 
force. 

no. Uniform field of force. — If the acceleration which 

the particle takes is independent of the point where it is 
abandoned, and is the same for all points of the field at 
the name instant, the field is termed uniform. 

111. Constant field of force.— If in a uniform field of 
force the acceleration is independent of the time the field 
is termed constant. 

112. Superposition of fields of force. — By the first prin- 
ciple, wherever there is a field of force there must be matter. 
Suppose the matter present to consist of n particles any- 
how distributed. Let n = p + q. Then p of those particles 
imagined as present atone would produce a field d*i, and 
the remaining q imagined as present alone would produce 
a field 02- If all n are present we may imagine the two 
fields (Pi and <J*2 as supposed producing a resultant field (5, 
of which <Pi and C(*2 are termed components. The field tfj 
alone would produce a certain acceleration Ji in a particle M 
placed in it. Similarly (Pg alone would produce a, in general 
different, acceleration Jj on the same particle at the same 
point. The resultant field tf produces an acceleration J 
on this particle. How are these three accelerations related? 

113. Second principle of mechanics. — The question is 
answered by the following principle, known as the second 
principle 0} mechanics: 

The acceleration which a particle takes in a resiiltant field 
oj force is the geometric sum 0/ the accelerations produced by 
the component f.dds, and is independent of the particle and oj 
its motion. 

114. Meaning of the second principle. — From this prin- 
ciple we draw the following conclusions: 

1" The acceleration at any point in a field of force is 
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the same whether the particle be abandoned there at rest 
or pass the pomt with a velocity different from zero. 

2® The acceleration at any point in the field is the same 
for all particles. 

3^ If / be the acceleration produced by the resultant 
field and J\ and J2 the accelerations produced by the 
component fields ^1 and ^2, these three accelerations satisfy 
the equipollence 

7=7i+72 [120] 

4® Since the same reasoning can be applied to any number 
of component fields (Pi ... (Pn, we have in general 



J= Ji.+ . . . +/n [121] 

115. Reaction of the particle on the field. — Conceive a par- 
ticle Af in a field produced by n other particles Mi . . . Mn> 
Now the particle M together with any (n — 1) of the n particles 
may be looked upon as producing a field which acts on the 
remaining one. That is, conceive M\ (say) in the field 
produced by Af , Af 2 . . . Af^. This particle Af 1 takes a 
certain acceleration Ji at the same instant that Af, looked 
upon as acted on by the field of Mi , , , Af „, takes the accelera- 
tion J, Is there any relation between J and Ji? 

This question is answered by the following principle. 

116. Third principle of mechanics. — This principle may 
be stated as follows: 

Two isolated particles under their mutual actions take acceler- 
ations in opposite directions along the line joining them, and 
these accelerations are in a constant ratio. 
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117. Meaning of the third principle. — ^From this principle 
we conclude that two particles Mi and Mj- take accelera- 
tions Jij and Jji which satisfy the equipoUence 

J7j+PnJi^=0 [122] 

and the algebraic equation 

Jij = PiiJji [123] 

where pa is a constant depending on the two particles. 

118. Properties of the coefficients pij-, — Consider any 
three particles Mi, Mj, and Mfc. In the field of Mi the 
two particles Mj and Mk take accelerations Jji and Jki 
which satisfy 

«^t; ^ PjiJji 

Jik = PkiJki 

Whence 

Jji _ Pit 
Jik Pki 

since by the second principle 

Jji^Jki 

Similarly, considering the fields produced by Afy and Af *, 
we have 

Jjk Pkj 

and 



J a ' 


Pki 


Jki 


Pik 


Jkj 


Pik 



MECHANICS OF A FREE PARTICLE 109 

Multiplying these equations we have 

J%j Jjk J kt Pji Pkj Pxk 
Jik Jji J kj Pkx Pij Pjk 

and making use of the relations 

J a = PiiJa 

Jjk = PkjJ kj 
Jki^PilcJik 



we obtain 



1 = 



PlciPijPjk 



Whence A* = ^-'^ - ^ [124] 

PH Pij 

1 19. Definition of mass. — ^Writing the coeflBcients pji 
in the form 





my 


the equipollence 






Jij+PjiJji=0 


becomes 






miJij'-\-mjJji= 


or 


TniJi,-=^m.J.'i 



[125] 



and relation [124] becomes 



my rrii /rrii nti ntj 
rrik ntk' rrij rrik mi 
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Hence, the coefficients m„ m,-, /«*... m, are absolute constajUs 
depending only on the particles themselves and not on their 
accelerations. 

These constants are termed the mosses of the particles, 
and since only their ratios are determined, one of them can 
be arbitrarily assigned, and the rest then become known, 

I20. Force. — The word force does not enter into the 
principles of mechanics, as they have been stated, and the 
problems of mechanics can be solved, in so far as they are 
capable of solution, without ever making use of the term. 

But it is often convenient to employ the term in abbrevi- 
ating statements, and it is introduced as follows: 

When a particle M of mass m is accelerated by being in 
the presence of other particles it is said to be subjected to 
a force F defined by the equipollence {fig. 33) 



F = mJ 



[126] 



The force acting on a particle 
is, then, a vector whose direction 
is that of the acceleration and 
■whose magnitude is the product of the mass by the ac- 
celeration. 

121. Observations on the notion of force. — Force is thus 
seen to be a purely mathematical and not a physical concept. 
It has no objective existence, but is merely a name for a certain 
product in mechanics. To say that a force acts on a particle 
is simply to assert that the particle is accelerated, and this 
acceleration is all that is ever observable. We may produce 
the sensation of effort by attempting to move bodies, but in 
every case the force which we exert is only a component of 
the acting force, and inasmuch as a particle at rest may be 
conceived as having accelerations whose geometric sum : 
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zero, SO it may be conceived as acted on by forces one of 
which is exerted by ourselves. 

122. Composition of forces. Resultant. — ^The second prin- 
ciple gives at once the rule for the composition of forces. For 
if a system of forces 

Fi . . . Fn 
act on a particle M of mass m, producing accelerations 

then, by the second principle, the resultant acceleration is 

J = Jl-{- ... +«/n 

and the resultant force is 

F=mJ = m{Jx+ . . . 4-Jn) 
or F=Fi-\- . . . -^F~n [127] 

Hence, the resultant of a system of forces acting on a 
particle is their geometric sum. 

From this follows that: 

1° The projection on a plane of the resultant of a sys- 
tem of forces acting on a particle coincides with the result- 
ant of the projections of the forces on that plane. 

2^ The projection on an axis of the resultant of a sys- 
tem of forces acting on a particle coincides with the alge- 
braic sum of the projections of the forces on that axis. 

3° The resultant of two forces is the diagonal of the 
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parallelogram constructed on them. This is termed their 
"parallelogram, 

4° The resultant of three forces is the diagonal of the 
parallelopiped constructed on them. This is termed thjRir 
parallelopiped. 

5° The resultant of a system of forces is equipollent to 
the vector which closes any one of the polygons formed by 
placing them end to end. This polygon is termed the poly- 
gon of the forces. 

6° In particular, the polygon of two forces becomes a 
triangle and is termed their triangle. 

123. Decomposition of forces. Components. — To decom- 
pose a force is to replace it by a system of forces whose 
resultant is equipollent to the given force. The forces of 
the system are termed components of the given force. 

In particular a force may be decomposed in a single 
manner into: 

1° Two forces in two directions arbitrarily chosen in 
any plane through the force itself. 

For in any plane through the force, one and but one 
parallelogram can be constructed having its sides in assigned 
directions and having a given diagonal. 

2° Two others, one of which is chosen at will. 

For, in the plane defined by the given force and the 
arbitrarily chosen force, one and but one parallelogram 
can be constructed having an assigned side and diagonal. 

3° Two others, of which one has an arbitrary direction 
and the other is in a plane of arbitrary orientation. In 
particular, into two others of which one has an arbitrary 
direction and the other is in a plane perpendicular to this 
direction. 

For, in the plane defined by the arbitrarily chosen direc- 
tion and the given force, the second direction is determined 
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by its intersection with the arbitrarily chosen plane, and 
the problem is reduced to the first case. 

In the particular case where the arbitrarily chosen plane 
is perpendicular to the chosen direction, the components are 
the projections of the given force on the chosen direction 
and the normal plane. 

4^ Three others along directions not in the same plane 
but otherwise arbitrary. 

For one, and but one parallelopiped can be constructed 
having an assigned diagonal and assigned directions for its 
edges. 

In particular, the components may be taken parallel to 
three coordinate axes, and are then equipollent to the pro- 
jections of the given forces on these axes. 

124. Equilibrium of a free particle. — When the resultant 
acceleration which a system of forces imposes on a particle 
is zero, the particle is said to be in equilibrium. 

The system of forces is also said to be in equilibrium. 

Since the resultant force and the resultant acceleration 
are connected by the equipollence 

F = mJ 

it follows that if J is zero F is also zero. 

Hence, the necessary and sufficient condition that a sys- 
tern of forces acting on a particle be in equilibrium is that 
their resultant shall be zero. 

According as one wishes to study the conditions of equilib- 
rium by geometric or analytic methods, one employs the 
polygon of forces or their projections on the coordinate 
axes. 

Corollaries. — 1° In order that two forces acting on 
a particle be in equilibrium it is necessary and sufficient 
that they be equal and opposite. 
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2^ In order that three forces acting on a particle be in 
equilibrium it is necessary and sufficient that they be equi- 
pollent to the three sides of a triangle taken in the same 
order. 

3° If a system of forces acting on a particle is in equilib- 
rium, each of them is equal and opposite to the resultant of 
the others. 

4° If a system of forces is in equilibrium, the system 
formed by their projections on any plane or axis is in 
equilibrium. 

5° If a system of forces in equilibrium act on a particle 
in motion, its motion is uniform rectilinear, as if these forces 
did not exist. 

6° More generally, whatever be the forces acting on a 
free particle, a system of forces in equilibrium may be intro- 
duced or suppressed. For every system of forces may be 
replaced by its resultant, and this is not changed by the 
addition or subtraction of forces whose geometric sum is 
zero. 

125. Force acting on a particle at rest. 

Theorem. — Whenever the velocity of cu particle is zero, 
and therefore whenever the direction of motion changes, and in 
particular when the particle starts from rest, the force a^cting 
is tangent to the path. 



__ ])v Vi-V 

For ^ = 1)7 = 1™ -^ 



] 



and if V = 0, then the direction of this limit is the direction 
toward which Vi tends and is therefore tangent to the path. 

Hence F {=-mJ) is also tangent to the path at this point. 

126. New definition of direction of force. — We may then 
dehne the direction of the force as the direction of the first 
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element of the path which the particle describes starting from 
rest. 

127. Tangential and normal force. — ^In general the force 
is not tangent to the path, but it always lies in the oscu- 
lating plane, since the acceleration is in this plane. It 
may therefore be decomposed into two components, one 
along the tangent and the other along the principal normal. 

Projecting the equipollence 



F=mJ 



on the tangent, we have 



cPs 
F,=mJ,^m^ [128] 

and on the normal 

^»="^»=?(l)' tl29] 

128. Resistance. — When a force produces a negative 
acceleration it is termed a resistance, and this is the case 
when the direction of the acceleration makes an obtuse 
angle with the du-ection of the velocity. 



CHAPTER X 

THE UNITS OF MECHANICS 

129. The units of kinematics. — 130. The units of mechanics. — 
131. The three fundamental units. Derived units. — 132. Sys- 
tems of units. — 133. C.G.S. System. — 134. M.K.S. System. — 
135. English System. — 136. Units of astronomy. — 137. Units 
of force. — 138. Remark. 

129. The units of kinematics. — In geometry a single 
unit is sufficient ; that of length and any one of the quanti- 
ties, centimeter, meter, kilometer, inch, foot, yard, mile, 
etc., can equally well be used. In kinematics a new ele- 
ment was introduced, namely, timej and the unit adopted 
was the mean solar second. It is understood that when 
more convenient any multiple of this, as a minute, hour, 
day, year, etc., may be used. 

130. The units of mechanics. -In mechanics it was 
necessary to introduce a second new quantity, namely, 
mass. The gram or any multiple or submultiple may be 
taken as the unit of mass. 

131. The three fundamental units. Derived units. — 
As we shall see, these three units of length, time, and mass 
being defined, all the rest are determined as they are expres- 
sible in terms of these. These three are accordingly termed 
fundamental units and the rest are known as derived units, 

116 
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132. Systems of units. — ^Various systems of units may 
be built up depending on the choice of the fimdamental 
units. Three are in conmion use, as follows: 

133. C.G.S. System. — If the centimeter, gram, and second 
are taken as fundamental imits, the system is termed the 
Centimeter-Graw^Second System, 

134. M.K.S. System. — If the meter, kilogram, and sec- 
ond are taken as fundamental units, the system is termed 
the Meter-Kilogram-Second System, 

135. English System. — If the foot, pound, and second are 
taken as fimdamental imits, the system is termed the Foot- 
Pound-Second or English System. 

136. Units of astronomy. — Because of the large mag- 
nitudes there dealt with it has been found convenient in 
astronomy to adopt as the unit of distance the mean dis- 
tance from the Earth to the Sun, and as the unit of mass 
the mass of the Earth or Sun. The unit of time is the second 
day or year. These are the astronomical units. 

137. Units of force. — The unit of force being a derived 
unit depends on the fundamental units, and hence is differ- 
ent in the three svstems described above. 

From 

F = niJ 

we see that F=l when m = l and J = l. 

Hence, the unit of force is that force which acting on unit 
mass for unit time gives it unit acceleration. 

In the C.G.S. system it is called the dynCj in the M.K.S. 
system it has no name, but is referred to as the M.K.S. unit 
of force, while in the English system it is known as the 
poundal. 

The remaining derived units will be defined as occasion 
arises. 
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138. Remark. — It is to be carefully observed that just 
as soon as the unit of length is chosen those of area and 
volume are fixed, and as soon as the units of length and 
time are chosen those of velocity and acceleration are fixed; 
similarly, as soon as the units of length, time, and mass 
are chosen all the derived units of mechanics are deter- 
mined, although not all of them have names. 



CHAPTER XI 

GENERAL NOTIONS ON THE FORCES OF NATURE 

139. Principle of the equality of action and reaction. — 140. Analytic 
expression of the coinmon force between two free particles. — 
141. Central forces. — 142. Universal gravitation. — 143. Note. 

139. Principle of the equality of action and reaction. — 
Newton enunciated the following principle under the name 
of the Principle of the Equality of Action and Reaction. 

If a particle M is acted on by a force F due to a second par- 
ticle M', then this force is directed along the line MM' and M' 
is acted on by a force F' equal and opposite to F. 

This is nothing more than a restatement of (lie third prin- 
ciple in terms of force, for if M of mass m is acted on by a 
force F, then it takes an acceleration / defined by 

J -I 

m 

and by the third principle M' takes an acceleration J' 
defined by 

7, -J 'rn J F 

7n m 

and hence is acted on by a force F' defined by 

119 
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The forces F and F' are then equal in magnitude, and are 
either directed toward each other, as in fig. 34i, or away from 
each other, as in fig. 342. 

One of these forces, either F or F', is termed the aciioriy 
and the other the reaction. 

By the second principle of mechanics this principle of the 
equality of action and reaction is immediately extended to 
the mutual actions of two systems of particles {S) and (S') . 





Fig. 34i. 



Fig. 34j. 






// the "particles of a system (S) exert certain forces on the 
particles of a system (S'), then the particles of (aS') exert on 
the particles of (S) equal and opposite forces, 

140. Analytic expression of the common force between 
two free particles. — Denoting the two particles by M and 
M', and their masses, velocities, and accelerations by m, V, 
J and m', 7', J', we have 

F = 771 J = m V 

Now by the second principle / does not depend on m 
or y, and /' does not depend on m' or 7'. Hence J can 
be a function of m', 7', and r only, where r is the distance 
between M and M\ Similarly J/' can be a function of m, 



J 
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F, and r only. Again, since M and M ' may be interchanged 
without affecting J and J' in magnitude, the law of depend- 
ence must be the same in the two cases. 
We may therefore write 

J = <^(m',7',r) J' = <^(m, 7;r) 

Whence m • ^(m', 7', r) = m' • ^(m, 7, r) 

TT^erefore <f>(m',V',r) ^4>(n^,V,r) 

m m 

Now, since m, m', 7, 7' are all independent the two 
members of this equation can depend on r only, and we 
may write 

<t>{m' , V , T) 4>{m,V,r) 



tnf m 



0(r) 



Whence F=mJ= m'/' = mm'0{r) [130] 

141. Central forces. — A force of the type 

is termed a central force, and 

Hence, All forces betiveen free particles are central forces, 

142. Universal gravitation. — Newton, interpreting Kep- 
ler's laws of the motions of the planets, showed that all 
the motions of the celestial bodies are determined with a 
remarkable precision if we assume that: 

The central force between two free particles is one of attrac- 
tion and varies inversely as the square of their distance apart 
In this case 
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where G is a constant for any two particles. A discussion 
of Kepler's laws also shows that G is the same for every pair 
of particles. In the C.G.S. system of units 

j-1 666 , , 
G^ = JO«" (nearly) 

The central force of attraction of any two free particles 
may then be written 

F=G -^ [131] 

and for this reason central forces of this type are often 
called Newtonian forces. 

143. Note. — I do not here include electric, magnetic, 
and electromagnetic forces between free particles, for the 
reason that these belong rather to theoretical physics than 
to rational mechanics. Forces of capillarity and cohesion 
are not included for the reason that the particles are not 
there free. 

As to the force between two free particles when the 
distance between them is small, that is, comparable to 
molecular distances, and which does not seem to be New- 
tonian, special monographs should be consulted. 



CHAPTER XII 

DETERMINATION OF THE LAW OF FORCE FROM THE 

MOTION PRODUCED 

144. Finite and differential equations of motion. — 145. The two 
general problems pf the mechanics of a particle in terms of 
force. — 146. The first problem. — 147. The different forces ca- 
pable of producing a given rectilinear motion. — 148. The force 
producing uniformly accelerated motion. — 149. Law of force 
producing harmonic motion. — 150. Law of force producing 
harmonic motion with coefficient of extinction. — 151. On the 
resistance producing extinction. — 152. Law of force producing 
uniform curvilinear motion. 

144. Finite and differential equations of motion. — The 
equations which define a motion with respect to three 
coordinate axes are of the form 

x-m y=h(t) z^Uit) 

where /, /i, and J2 are uniform and continuous functions of t. 
.It is only when these three functions are known that a 
motion is completely determined. 

The projections of the velocity are given by 

Fx=/'(o v,=fat) F.=/2'(o 

and the projections of the acceleration by 

123 
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Projecting the equipollence 

F = mJ 
on the three axes, we have for the projections of the force 

Fx=mJx Fy = mJy F^^^mJg 
These equations, which are usually written 

7nx" = F^ my" = Fy mz!'=F, [132] 

are called the differential equations of the motion, 

145. The two general problems of the mechanics of a 
particle in terms of force. — In Art. 103 the general problem 
of mechanics and its converse were stated in terms of accel- 
eration, and it was seen that if we know the initial displace- 
ment and velocity of the particle and the acceleration as a 
function of the time, the motion is determined. The two 
problems may now be stated as follows: 

1° Given, by observation or otherwise, the motion — that 
is, the equations of motion — of a particle, to determine the 
law of force, 

2° Given the laws which the forces acting obey, to deter- 
mine the motion. 

The second problem is by far the more important, and 
also the more difficult. However, the first occurs fre- 
quently enough to make its study worth while. It will be 
seen that the solution of the first depends on the operations 
of the differential calculus, which can always be effected, 
while the second leads to the operations of the integral cal- 
culus, which can be effected only in a limited number of 
cases. 
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246. The first problem. — Suppose the motion given by its 
finite equations 

x-m y-m z=f2{t) [132] 

The projections of the velocity are immediately 

V.^nt) Vy=U\t) V.=f2\t) [133] 

and of the force 

Fr=mr(t) Fy^mU'^t) F,=m/2"(0 [134] 

The force is then determined in direction and magnitude 
and the problem seems solved. In reality it is not solved 
if we are looking for a law of force occurring in nature, 
for in the components of the force as determined above 
the time enters explicitly, which it never does in a natural 
law, inasmuch as a particle under the same conditions — that 
is, in the same relative 'position with respect to other par- 
ticles — ^always takes the same motion independent of the 
time. 

This principle is termed the Principle of the Uniformity 
of Nature. 

It is then in terms of the position and velocity of the 
particle that the force must be expressed. This may be 
done by eliminating t between equations [132] and [133] 
giving one law of force independent of the velocity, or 
between [133] and [134] giving a second law depending on 
the velocity. 

Which, then, is the natural law which produces the motion? 

If it is known from physical considerations that the 
force does not depend on the velocity, as in the case of free 
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particles, then the first law is the one sought. Otherwise 
the problem is indeterminate unless the choice can be made 
from physical conditions. Usually it can. 

147. The different forces capable of producing a given 
rectilinear motion. — If the motion is rectilinear, then the 
acceleration and hence the force is directed along the path. 

Let ^=/(0 

be the equation of motion, then the velocity is 

and the acceleration is 

The force is therefore 

F = 7nr(t) 

Eliminating (t) between the first two equations, we have 
the law of force 

F=mcf>{x) [135] 

This expression can represent a law of nature, and if we 
know that the force does not depend on the velocity, it rep- 
resents the one law capable of producing the motion. 

But in the absence of any information to the contrary 
we may also eliminate t between the second pair and get 
the law of force 

F^m4,{7f) [136] 

which can also represent a natural law. 
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Allowing X and x' both to enter, we can get an infinite 
number of laws of force. 

148. The force producing uniformly accelerated motion. — 
Here there is no ambiguity. The acceleration is constant 
and there is one type of force only capable of producing the 
motion, namely, a constant force. 

149. Law of force producing harmonic motion. — All har- 
monic vibrations of the same period are represented by the 
equation 

x=asin {ni — (f>) 

Whence 7f=an cos {nt - (f>) 

3c" = —n^[a sin (nt — <f})] 

Hence there is one solution only : 

F=mx''= -muH [137] 

Therefore, there is but one type of force capable of pro- 
ducing all harmonic vibrations of same period in a particle. It 
is an aUractive central force varying directly as the distance of 
the particle from the centre. 

150. Law of force producing harmonic motion with coeffi- 
cient of extinction. — Consider the rectilinear motion whose 
equation is 

X = ae""' sin (nt — (f>) 

where e is the base of the Naperian system of logarithms 
and a is a number, generally small and essentially positi\'e, 
which is called the coefficient of extinction. 

For a=0 we have the harmonic motion, but for a>0 
and ^ = 00 we have x=0, which shows that the motion dies 
down. 
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2/c;r 

Increasing t by , where A: is a positive integer, the 

ft/ 

sine does not change, but the displacement x is multiplied 

by 



2k r 



ra 



e w 

and for a sufficiently large number of periods becomes as 
small as we please. 

To determine the law of force capable of producing this 
motion we must calculate the acceleration. 

From the equation of motion 

x' =ae~*'T^ — a sin {nt — <f>)+n cos {nt — <f>)] 
and 

a:"=a6~"'[ — (n^ — a2) gj^ {nt — <f>)—2an cos (nt — <f>)] 

Combining the first of these with the equation of 
motion, 

06"**^ sin {ni — <j}) =x 

there results 

nae^'^'cos {nt — (j>)=x'-\-ax 

Whence x" = — (n^ — a^)x — 2a (x' + ax) 

and F = mx" = —mir? '\-o?)x— 2max' 

iSi. On the resistance producing extinction. — If a=0, 

we have 

F= —mn^x 

the law of force producing harmonic motion. 
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If a TO, then F may be regarded as the algebraic sum 
of the two components 

Fi=-m(n2 + a2)x 

which is directed toward the centre and is proportional to 
the distance of the particle from the centre, and 

of an entirely different nature. Instead of depending on 
the displacement of the particle it depends on its velocity 
and is always directed opposite to the velocity. It is, then, 
always a resistance. It vanishes when the velocity is zero 
and hence cannot produce motion, but has the effect of 
slowing down the motion produced by Fj and finally brings 
the particle to rest at the origin. 

152. Law of force producing uniform curvilinear motion. — 
We have seen that in any cur\'ilinear motion the accelera- 
tion lies in the osculating plane, and its projections on the 
tangent and principal normal are 






Jn = 



dsV 
72 \dt. 



where s is the arc described measured from some initial 
point and p is the radius of curvature 
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If the motion is uniform 



ds 
Jt 



V = — = Fo, a constant 



and ^^ = dr^-^ 

Hence, in uniform curvilinear motion the acceleration 
is directed along the normal and has the value 

P 
The force acting is then 

F^mJ = '^!^ [138] 



directed along the principal normal, and is therefore per- 
pendicular to the path. 

If the path is a circle, p=Ry the radius, and 



CHAPTER XIII 
MOTION PRODUCED BY FORCES OBEYING KNOWN LAWS 

153. Statement of the problem. — 154. Attraction toward a fixed 
centre proportional to the distance. 

153. Statement of the problem. — In the problem of the 
preceding chapter we were given the finite equations of 
motion 

x = m j/=/i(0 z=f2{t) [139] 

and were required to find the law of force, indeyendent of 
the limey from the projections 

i^x = mr (0 Fy = Wi" (0 Fz = W2" (0 

For this it was sufficient to take the first and second deriva- 
tives of /, /i, and /2 with respect to the time, — a simple and 
determinate problem, — and then eliminate t between these 
equations. We saw how this could be done in some simple 
cases. 

Here, on the contrary, we are given the projections of the 
force acting in terms of the coordinates^ velocitiesj and the 
time, 

Fx{x,y,z,x',y'/,t) Fy{x,y,z,x',y' ,z' ,t) F,{x,y,z,x',y',z',t) 

131 
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and are required to pass back to the finite equations of 
motion of the particle. 

The differential equations of the motion are at once ob- 
tained by writing 

mx'' = F^ viy''=^Fy m/' = F, [140] 

These equations [139] and [140] which define the same 
motion are equivalent, but the process of passing back from 
[140] to [139] is by no means simple, and indeed not always 
possible. 

As to the force F it may or may not depend explicitly on 
the velocities and the time. In the case of a free particle it 
depends only on the coordinates — that is, on the position of 
the particle. In the case of a particle moving in a resisting 
medium it will in general depend on the velocities also, and 
in certain problems of constrained motion it depends explic- 
itly on the time. 

Under these conditions the process of passing from 
[140] to [139] is one of the most difficult operations of the 
integral calculus. Moreover, whenever we pass from a 
derivative back to the primitive function an arbitrary con- 
stant is introduced. In this case, therefore, since there 
are three unknown functions of the time, namely, x, y, and 
Zj all entering to the second derivative, there will, in gen- 
eral, be introduced into the solution six arbitrary constants. 
The problem is therefore very indeterminate. The theorj^ 
of differential equations, however, tells us that, given the 
position and velocity of the particle at any one instant, 
there exists a solution, and a single one. The effective deter- 
mination of this solution is a matter quite apart from its 
existence. 

The problem should then be stated as follows: 
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Being given: 

1® The law of the force or forces ojcting on the particle, 

2f^ The iriitial position and velocity of the particle^ 
determine its motion, that is, its position at each instant. 

154. Attraction toward a fixed centre proportional to 
the distance. — ^A special problem will illustrate the difficul- 
ties and also the method of procedure. 

Let (fig. 35) be a fixed point and M a particle of mass 
m acted on by a force F always directed toward and pro- 
portional to MO. 




Fig. 35. 

Let Afo be the initial position of M and Vq its initial veloc- 
ity. Take the X-axis through Mo and the F-axis in the 
plane of OX and Fo, the Z-axis being then perpendicular to 
this plane. 

Let x,y, zhe the coordinates of M at the instant t, 

then mx"=7^:r rny''=Fy m/'^F, 

Denoting by n^ a constant, we may write 

F^vin^r 



f 
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where r denotes the distance OM. 



Then -F^"- 



r 



" r 



r 



ill 
(11 



and hence 



Fy= —mn^y 
Fz= —mn^'Z 



The differential equations of motion are then 

x" = -. nH y" =^-n^y /' = - n^z [141] 

The first of these contains z only, the second y only, and the 
third z only, and may therefore be studied separately. This 
is, in general, not the case. If, for example, F, instead of 
varying as r, varied inversely as r^, we should have 



F = 



m-n? 



and 



F.= - 



m-v?-x 



In this case each differential equation of motion, instead 
of containing one coordinate only, would contain the dis- 
tance 

to the —3/2 power. These equations could not then be 
treated separately, but would form a system of simultane- 



f 
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^>^ differential equations in three unknowns, and the diffi- 
^vdty of finding a solution would be immensely increased. 
To return to equations [141], the equation 

x"=-n2x- [142] 

expresses that in the projection of the motion on the X-axis 
the acceleration is always directed toward and is propor- 
tional to the abscissa of the projection of M on the X-axis. 
But we have seen that every harmonic motion along OX 

with Oas centre and of period — has exactly this equation, 

no matter what the amplitude a and the phase (f) may be. 
Hence, the finite equation of motion 

a:=asin (nt — ^) 
is a sohUion of 

no matter what values the constants a and (f> may have. 
Putting — asin<^=i4., acos<^=B, we may write 

X = A cos n^ + jB sin nt [143] 

In fact we have 

x' = n[ — A sin nt-{-B cos n^] 

x" = —n\A cos nt-\-B sin nt\ = —n^x 
which shows that [143] satisfies [142]. In the same way 

i/=i4.i cosn^+jBi sinn^ [144] 

2=^2 COS nt+B2 sin nt [145] 
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where Ai, Bi, A2, B2 are arbitrary constants. These are 
then the finite equations of motion, containing six arbi- 
trary constants, which must be so determined as to satisfy 
the initial conditions 

x = OMo=Xo j/=0 2=0 

for ^ = 0. 

Since z and / vanish for^=0, it is easily shown that 
z is identically zero, and the motion is in the plane of XF. 

In fact, from [145] 



z'=^n[—A2smnt+B2 cosn^] 



whence, for ^=0 

2 = ^2 = 2'=-nB2 = 

and therefore A 2 = -62 = 0. 

We have, then, only to consider the equations in x and y. 
For ^=0 we have 



x = A =Xo x'=nB =F 



Ox 



y=Ai= y'=nBi = Voj, 



hence the equations of motion are 



X 



. , Vqx . . 
Xo COS nt -\ sm nt 



n 



J/ = 



sm nt 



n 



[146] 



Two cases present themselves according as the initial 
velocity Vo has or has not the direction of OX. 



i 
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In the first case 



F„. = F. 



^o„ = 



and the equations of motion are 



x = Xo cos nt-] — sin nt 

n 



the velocity Fo being positive or negative according as it 
is directed awaiy from or toward 0. 

The motion is rectilinear and harmonic, and the ampli- 
tude and phase are easily deduced. 

In the second case let Vq make an angle a with the posi- 
tive direction* of the X axis, 



then 



w-hence 



Vox = Vo cos a T^oi/ = Vq sin a 



B 



Vo cos a 



11 



Bi = 



Vo sin a 



n 



and 



Vocosa . 
x=Xo cos nt -\ sin 7it 



n 



T^osina . 
j/= sinn^ 



n 



The equation of the path obtained by eliminating t 
between these two equations is 



Xo'^n^ 



{x sin a — 2/ cos a) ^ + y 2 V^ ^ ^0^ sin^a 

which is easily seen to be an ellipse whose diameter con- 
jugate to OX is parallel to Fo- 
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If a = 90®, and hence Vo perpendicular to OX, the 
the ellipse 



Observe that from equations [146] 

oc'-=nl —Xo sin nt-] cos nt) 

if = Foi/ cos ni 



whence 



Similarly 



J2 



-^+a:2 = 



Fo2 



w 



n- 



+a:o2 = constant 



- -f y2 = — i(_ ^ constant 



1/ 



Adding, and observing that 



a:'2 4.y'2 = y2 



2 j_>»/2 



x^+y 



we have 



72 ^ |^2|.2 = Y{? + n2xo2 = constant 



which shows that the velocity Y of the particif 
only on its distance r from 0, the centre of attra 
This is a particular case of a more genr 
known as the theorem of Vis Viva. 



f 
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From the first two of equations [141] 



' 


x"=-n2x 


we see that 


j/"=-n2t/ 


Hence 


t/x"-xj/"=0 


and therefore 


Areal J = 

• 



Areal V = constant 

The elliptic path is then described under the law of constant 
areal velocity. 

Toresimie: 

1° In the most general case, that is, whatever the initial 
conditions, an attraction toward a fixed centre propor- 
tional to the distance produces a periodic elliptic motion, 

whose period is 7= — , where n^ is the coefficient of attrac- 
tion. 

The ellipse has its centre at the centre of attraction, and 
admits the directions of the initial radius vector and veloc- 
ity as conjugate directions; the semiconjugate diameters 

Vo VoT 
are equal to the initial radius vector xo and the ratio — = -p: — • 

71 Lit 

of the initial velocity Fo of the particle to the angular veloc- 
ity n = -=T- corresponding to the period of the elliptic motion. 

2° In the case where the initial velocity is perpendicular 
to the initial radius vector, thesje two conjugate diameters 
become the axes of the ellipse. 
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3^ If, moreover, the relation 

Vo=nxo 

holds between the initial velocity Vo and the initial radius 
vector xo and the angular velocity n — that is, if the initial 
velocity Vq corresponds to the angular velocity n — the 
motion is circular and uniform with angular velocity n. 

4° If the initial velocity coincides in direction with 
the initial radius vector, Ibhe motion reduces to harmonic 
rectilinear motion. 

5° In every case the motion, either elliptic or circular, 
may be considered as the resultant of two harmonic motions 
of the same period along two directions, oblique or rectan- 
gular. 

6° The velocity has the same magnitude each time the 
particle is the same distance from the origin. 

7° The path is always described under the law of con- 
stant areal velocity. 

Remark. — ^This attractive force proportional to the dis- 
tance arises whenever a system is slightly displaced from 
its position of equilibrium. We shall find an important 
application in the pendulum. Other applications are fre- 
quent in optics, acoustics, and electricity. 



CHAPTER XIV 

RELATIVE MOTION 

155. Relative axes. — 156. llelative force. — 157. Problems of rela- 
tive motion. — 158. First problem. — 159. Second problem. 

155. Relative axes. — ^In the previous chapters we have 
referred the motion to the absolutely fixed axes. In certain 
classes of problems this is inconvenient. For instance, in 
considering the motion of the planets about the Sun, it is 
convenient to refer these motions to a set of axes having 
the origin at the centre of the Sun and remaining parallel 
to themselves. For the motion of particles on or near 
the Earth's surface it is convenient to refer to a set of axes 
fixed on the Earth, and in this case the origin is not only 
not fixed, but the directions of the axes change as the Earth 
moves in its orbit and about its axis. These are the rela- 
tive axes. 

156. Relative force. — I shall define the relative force 
as the product of the mass by the relative acceleration, that 
is, by the equipoUence 

^=m-J7 [147] 

m 

157. Problems of relative motion. — The problems of rela- 
tive motion may be stated in a manner analogous to those 
of absolute motion. 

141 
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1® Given the relative motion of . a particle to determine 
the law of force. 

2° Given the law of force and the initial conditions to 
determine the relative motion. 

These problems would play the same r61e and could be 
attacked in the same way as the correspondmg problems in 
absolute motion if we had a set of principles for relative 
motion. It is a priori evident, however, that the absolute 
motion being determined by these principles, the relative 
is also, and it becomes simply a question of restating them 
for the relative axes. 

158. First problem. — Such a restatement, while not very 
difficult, is neither necessary nor of advantage, for, in the 
case of the first problem, if the equations of motion be 

f=0(O f}=4>iif) C=<^2rt) 

the relative velocity and acceleration can be obtained by 
differentiation, and one or more laws of relative force are 
arrived at by eliminating t, and this entirely independent 
of the motion of the relative axes. 

If it is desired to obtain the law of absolute force from 
the equations of relative motion, the motion of the rela- 
tive axes must also be given. Suppose this done, that is, 
suppose 0, oi, 02; a, 6, c; ai, 61, ci; a2, 62, C2 to be given 
functions of the time, the absolute force is then 

mJZ=m(J^+J^+j7) [148] 

where the projections of Jcj Jr and Jt are given in Art. 100. 
Eliminating t between this equipoUence, the equipollence 
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and the equations of motion 

we have the various possible laws of absolute force ex- 
pressed either in terms of the absolute or the relative coor- 
dinates and velocities, as we please. 

159. Second problem. — Given the law of relative force 
and the initial relative conditions, the second problem is 
reduced to the integration of the differential equations of 
relative motion : 

mr==i^r^ mr{' = Fr^ mC-^F,^ [149] 

If, on the other hand, it is the law of absolute force which 
is given, and the relative motion is desired, then the rela- 
tions of Art. 100 must be made use of. 

From 

we have at once 

Tr=rnJ^=rn{J^-J^-Jt)=^m(^ -Tc-T^ [150] 

where Jfl, Jc> and Jt are here to be expressed in terms of the 
relative coordinates and velocities by means of the relations 

j/' = (oi'+ai'e+6i'7?+ci'c) + (aif' + 6iV+ciC') 

. z' = (02 + a2'f +62'>? +C2'C) + (^2?' +62V +C2CO 
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The differential equations of relative motion then become 



mf " = Fat —'^ct "" '^tt 



[151] 



and the problem is reduced to the integration of these equa- 
tions. The right-hand members will in general contain 
the time explicitly, so that the equations [151] are of the 
form 

c" = n^, V, c, f', -o', c, ■ 

'?"=«^i(f, ij, C,f',V,C',0 [152] 

C" = ^2(f, r,, c, r, r,', C', . 



\ 



CHAPTER XV 
MOTION OF A FREE PARTICLE ON EARTH'S SURFACE 

160. The relative axes. — 161. Differential equations of motion. — 
162. First approximation. — 163. Second approximation. 

i6o. The relative axes. — Refer the motion to a set of 
axes having the origin at a point A near the Earth's surface 
and orientated in the following manner: Take the axis of (^ 
along the direction of the geometric difference of the absolute 
and convective deceleration of Aj the axis of $ in the plane 
of the meridian through A drawn toward the souths and 
the axis of rj toward the east. Denote by g the geometric 
difference of the absolute and convective accelerations of any 
point Af(f, 7), C)- The acceleration g will then depend, 
both in magnitude and direction, on the relative coordi- 
nates f , Tj, and Z of M, but for a first approximation may be 
taken as constant and equal to its value at A, since for any 
region about A in which the motion of a particle on the 
Earth's surface is considered its variation is of the order 
of aP, where co is the angular velocity of the Earth. 

Now, expressed in radians per sidereal second 

2;: 

^=or-^7^ = -0 00073+ 0/2 =: 000 000 0053 4- 
24 • 60^ 

and hence terms of the order of cu^ may be neglected to a 
first approximation. The direction of ^ is, by definition ^ 

145 
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the vertical at A, Suppose the moving particle at any 
instant to have the relative coordinates f, -q, ^, The pro- 
jections of the turning acceleration on the relative axes are 



J* =2aj-T, cos A 

c at 



) 



[153] 



where X is the latitude of -4. 

i6i. Differential equations of motion. — Substituting these 
values in the differential equations of motion of Art. 159 
we have 



r= 



jf 



V - 



*ff _^ 



2(jj-Tr sm / 
at 

-2..(f sin>» 
g — 2(1^7 cos A 



fcosA)^ 



') 



[154] 



The integration of these equations gives the finite equa- 
tions of relative motion in terms of six arbitrary constants, 
which are determined by the initial position and velocity. 

162. First approximation. — ^Neglecting the terms con- 
taining 0) for a first approximation, the differential equa- 
tions of motion become 



r = ,^''=o C"=? 



[155] 



that is, the particle is acted on by an approximately con- 
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stant relative force 



F2==mg 



directed along the vertical toward the interior of the Earth. 

This force is termed the weight, 

163. Second approximation. — Retaining the terms con- 
taining (o and assimiing the particle to start from the origin 
with zero relative velocity, we have by integrating equa- 
tions [154] once 



S' = 2corj sin X 

r[ = — 2w(f sin ^ — (;; cos ^) ' 

^'=gt—2co7j cos X 



[156] 



Attempting to satisfy these equations by fimctions of 
the form 

$ = f + ^f 1 -f- ^f 2 + 

r) = 1^0 + 0)7)1+ 0^712+ ' [157] 

C=Co + Ki + ^C2+. 

where fo, ^0, Co, f 1, '^i, C; ^^c., are functions of t which van- 
ish together with their first derivatives for t=o, we have by 
substituting these developments in equations [156] and 
equating like powers of <o 



dt 



=0 



dvo 
dt 



=0 



rfCo 
dt 



-gt 



whence 



gt^ 



Similarly 



dt 



=0 



drj 



-=gt^cos X 



dC 
dt 



=0 
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whence 

$1=0 1^1=^ cos ^ Ci^o 

Neglecting the terms in o? in the development [157] we have 

$ = )^ = a>— cos^ ^^^2 \.^^^] 

to the second approximation. 

The particle then remains in the plane of tjC, but instead 
of falling along the vertical it is deviated slightly toward 
the east. In the t)^ plane the particle describes the semi- 
cubical parabola 

3\/2^-)^ = 4a>(^'/2COS X 

which gives the eastern deviation for a fall from a given 
height. 

Retaining terms in w^ in [157] we should get a southern 
deviation, but since the variation in g is also of the order 
of co^ this method will not give its numerical value. 
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CHAPTER XVI 

CONSTRAINED MOTION OF A PARTICLE. GENERAL 

CONSIDERATIONS 

164. Constrained particle. — 165. Mathematical expression of the con- 
ditions of constraint. — 166. Variable constraints. — 167. Smooth 
constraints. — 168. Forces of constraint. — 169. Motion of a con- 
strained particle. — 170. Direction of Fr. — 172. Magnitude of 
Fr. — 173. Particle at rest on a smooth surface. — 174. Curve of 
constraint. — ^^175. Particle at rest on a smooth curve. — 176. Con- 
ditions of equilibrium. 

164. Constrained particle. — A particle is said to be con- 
strained if it is prevented by the physical conditions of the 
problem from occupying certain positions in space, or if it 
is prevented from passing from one position to another 
along certain paths. For example, a particle attached to 
a fixed point A by an inextensible string of length I can 
never reach that portion of space outside of the sphere 
of radius I about A as centre. Similarly a particle may 
be constrained to lie on a surface {S) or on a curve (C). 

165. Mathematical expression of the conditions of con- 
straint. — In every case the conditions of restraint may be 
expressed by mathematical relations among the coordinates 
of the particle. In the first example above the condition 
may be expressed by writing 

(x-ai)2 4-(?/-ao)2 4-(?-r/'^)2 5/2 

149 
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where ai, a2, as are the coordmates of A, and in general, 
if the particle is required to lie within or without a sur- 
face (S) we may write the condition that the distance of 
the particle from some point within (5) shall be less or 
greater than the line from this point to the surface. 

If the particle is required to lie on the surface (S), then 
at every instant its coordinates must satisfy the equation 
of the surface 

S=0 

If it is required to lie on the curve (C), then its coor- 
dinates must satisfy the equations of the curve. 

The physical conditions are thus replaced by mathe- 
matical equations. 

1 66. Variable constraints. — ^If the constraining surfaces 
or curves change their form or position or both with the 
time, they are termed variable j and .their equations will 
involve the time. These are excluded from the following 
discussion. 

167. Smooth constraints. — I shall assume the constraints 
to leave imaltered the component of the acceleration tan- 
gential to them. They are then termed smooth, or without 
friction, 

168. Forces of constraint. — In addition to the con- 
straints the particle may be acted on by certain forces, 
termed the external forces. Let Fe be the geometric sum 
of these external forces and let Je be the corresponding 
acceleration, so that 

Fl^m-Te [159] 

The particle imder the action of Fe and the constraints 
will take a certain motion, and will therefore at each instant 
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have a certain velocity and acceleration. Let V and J 
represent these and write 

J-^Z^Tr [160] 

I shall term Jr the acceleration of the constraints and Fji^ 
where 

Fjt=mJjt 

the jorce of the constraints. 

169. Motion of a constrained particle. — ^It follows that 
the motion of the constrained particle will be the same as 
that of a free particle acted on by a force F, where 



F=F,-hF 



B 



Hence, given Fe and the constraints the problem is reduced 
t# the determination of F/j, or conversely, given the motion 
and the constraints, to the determination of F and thence 
Fe and F/j, in a form not involving the time explicitly. 

170. Direction of Fr. Surface of constraint. — The tan- 
gential components of Je are imaltered. Hence 

Jt — Jet 
But Jt = Jet + Jut 

Therefore Jr=0 [161] 

and, the acceleration of constraint is normal to the surface of 
constraint. 
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171. Magnitude of Fjt. — Projecting on the normal 



Hence Jr=Jn- Je^ [162] 



and Fu^Fs-F,^ [163] 



172. Particle at rest on a smooth surface. — ^If the particle 
is at rest 

J=0 



and Jr'^ "Jej^ 

Hence, the reaction of a smooth surface on a particle at 
rest on it is equal and opposite to the projection of the resvltanJt 
of the external forces on the normal. 

173. Curve of constraint. — As before, the tangential 
component of /« is mialtered. Hence 

Jt = Jet + Jri — Jet 

Whence Jr^ = 

and therefore, the reaction is in the normal plane to the curve. 
Projecting on the normal and the binormal 

Jn^Jcj^+Jrj^ 

Ja^^^Je^+jR^^O 
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whence 



Jri^^Jn—J. 



^N 



Jrb — ~*^«fl 



[164] 



which give the components along the normal and binormal 
and hence determine Jr, 

174. Particle at rest on a smooth curve.— If the particle 
is at rest, then 



J=0=J. 



and 



Jrn=^-J 



^N 



JrS Jes 



[165] 



Therefore, for a particle at rest on a smooth curve the 
reaction is equal and opposite to the external force, 

175. Conditions of equilibritun. — Hence, in order that 
a particle be in equilibrium on a smooth surface the external 
force must be diverted along the normal, and in order that 
it be in equilibrium on a smooth curve the external force 
must lie in the normal plane. 



CHAPTER XVII 
CONSTRAINED MOTION ON EARTH'S SURFACE 

176. Variation of g \A'ith latitude. — 177. Particle falling on smooth 
curve. — 178. Oscillations of a simple pendulum. — 179. Oscil- 
lations of small amplitude. — 180. Velocity in oscillations of any 
amplitude. — 181. Tension in the string. — 182. Foucault's pen- 
dulum. — 183. Approximate solution. Particular case. General 
case. Foucault's case. Theorem of Chevilliet. 

176. Variation of g with latitude. — In Art. 160 the direc- 
tion of the vertical at a point A was defined as the direction 
of the geometrical difference of the absolute and convec- 
tive acceleration of A^ and the magnitude of this difference 
was denoted by gr, termed the acceleration of gravity at A. 
This acceleration is then defined by the equipollence 

'g-^Ta-To [166] 

Neglecting, for a first approximation, the attraction of the 
sun and the moon and the orbital motion of the Earth 
about the Sun, and assuming the Earth to be a sphere com- 
posed of concentric homogeneous layers, J a is at any instant 
directed along the line joining A with the centre of the 
Earth. Denote this value of Ja by go, and choose the abso- 
lute axes as follows: X and Y in the plane of the equator, 
and Z through 0, coincident with the axis of rotation of 
the Earth, positive direction toward the north. Orient 

154 
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the relative axes as in Art. 160, that is, C along the direc- 
tion of gr, H in the meridian toward the south, and tj toward 
the east. Denote by w the angular velocity of the Earth 
and by a its radius, and let r (fig. 36) be the radius of the 




Fig. 36. 



parallel on which A lies. Then Jc is constantly directed 
along r and its magnitude is 



Jc = roj^=aaP cos Xq 



[167] 



where Xq is the geocentric latitude of A. Denoting, as 
before, by X the astronomical latitude of A, and projecting 
the equipoUence 



g=go — aa/^ cos ^o 



on A^;, we have 



g=go cos {X — Xq) —aw^ cos Xq cos X 



[168] 



The angle ^ — ^o, termed the equation of the vertical, may to 
a first approximation be taken as zero. 
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whence g^go—aio^ cos^ X [169] 

From observations 

g = 980.6059 cm. - 2.5028 cm. cos2 X [170] 

177. Particle falling on a smooth curve. — If a particle 
M is constrained to describe a curv^e (C) under the action of 
an external force F^j obeying a known law, the problem is 
to determine the equation 

s=/(0 

giving the arc, measured from some initial point, in terms 
of the time. 

The equation of motion may also be determined in the 
form 

where it is solved for L 

As we have seen, the reaction N of the constraint is 
always in the normal plane to the curve, and M may be 
regarded as free under the action of the two forces N and 

Since the tangential acceleration is unaltered 



mJt = F^ 



(Ps 



which determines s in terms of t when the initial conditions 
are known. 
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If the external force is the force of gravity and the rela- 
tive axes be orientated with Z drawn along the vertical 
]r(m the interior of the Earth (fig. 37), and if F be the 




Fig. 37. 



velocity of M at any point, and the angle between the 
tangent at M and the axis AZ, then 

C0S6?=y: 



whence 






or 






Hence 



VV^^-gC' 



or 



yy/+^^/=0 



which may be written 
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(y+^c)'=0 



Integrating 



72 

-^ + S'C ^ ^ ^ constant 



If then Co is the initial altitude and Vq the initial velocity, 



72 7o2 



or 72 = yo2+2ff(Co-C) [172] 

which gives the velocity of M when it passes any point of 
its path of altitude C. 

It is to be noted that this velocity depends only on Vq 
and Co — Cj that is, on the initial velocity and the difference 
in altitude of the given point and the initial point, and 
not at all on the form of the curve (C). 

Since (C) is supposed given, then C is a known function 
of s, and hence 



ds 
whence 3: = 0i(s) 



ds 
or at = 



M^v 



CONSTRAINED MOTION ON EARTH'S SURFACE 159 



Integrating 



/9 /To 



= ^(s) - ^(So) 



[173] 



and the problem is solved. 

178. Oscillations of a simple pendultun. — A simple pen- 
dulum is a particle M constrained to describe a circumfer- 
ence of radius I = AM imder the action of gravity (fig. 38) . 




Suppose the relative axes orientated with AZ along the 
vertical toward the interior of the Earth, and AH in the 
plane of AZ and Afo, the initial position of the pendulum. 
// we neglect the rotation of the Earth, there is the* constant 
force 

Fe=-rng 



acting parallel to AZ, and hence the pendulum remains in 
the plane SAZ. 
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Let be the angle which AM makes with AZ at any 
instant t, and let the pendulum be at its highest position 
at the instant ^=0. Count s from the lowest position, poa- 
tive when $ is positive. 

Then s=ld V=ld' . V =W'' 

whence P-d'- 0'' = - gl sin d - 0' 

or 0'' = -^m\d [174] 

This is the differential equation of the motion. 
Integrating once 

1 n 

-^'2=^cos^4-c 
Now when d =^o, then d' =0q, and hence 



=s/v-*' 



Therefore d' = J V^ + -f (cos d - cos Oq) [175] 



dd 
whence dt = 



\|V2+y^(cos^-cos^o) 



or t- I ^^ — +c [176] 

^o'^+-y-(cos^-cos^o) 
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179. Oscillations of small amplitude. — The integration of 
this expression leads to elliptic functions, but a simplifica- 
tion may be introduced if we assume Oq so small that, for 
a first approximation, sin may be replaced by 6 in [174]. 
In this case the differential equation of motion becomes 



0"=-|^ 



and the motion is harmonic. 
Integrating 



e^A cos \j't-^B sin ^^-t [177] 

« 

whence y = Z^' = Z^|[-A sin ^|.« + B cos^|.«] 



If the pendulum is abandoned at rest, then for t=0 we 
must have F=0, whence B=0, and 



d = A cos J'^-t 



Since for ^=0, ^ = ^0, we have 



^ = ^ocosv^-^ 



jf- 



and e'=-^o^j^■sm■^^t 



[178] 
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The period T is such that replacing thy t-\-T both and 
0' take their original values, 



whence ^\%..T^2n 



4-^- 



or r = 2;:J- 



i8o. Velocity in oscillations of any amplitude. — Substi- 
tuting C = i cos ^ in [172] we have 

y 2 ^ ]/q2 + 2^Z(cos d - cos do) . [179] 

which agrees with [175], and gives the velocity at any point 
of the path for any amplitude. 

i8i. Tension in the string. — From the equations of Art. 
168. 



JrB- ~'^es 



we have at once 



y2 
jRN=-f-^9^os0 



Jrb-^ 



Hence the tension in the string is 
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m—j- + mg(3 cos d — cos ^o) 



[180] 



The maximum value of T is when the pendulum passes 
through the lowest point of its path, or 



^maximum i h mj(3 - COS ^o) 



[181] 



182. Foucault's pendulum. — If the rotation of the Earth 
be taken into account, then the external relative force is 



Frcf = — mJt^ 

Fre^ = mg-mJi^ 



The particle is constrained to lie on the sphere 



?2 + ,2 + ^2=^2 



and calling N the reaction of this smooth surface, we have 



Ni=-N-^ iV,= -iv4 



I 



I 



N,^-N-^ 



since N is directed toward A. 

The relative force acting is then 
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Fr^^-mJt^-Nj 



Fr ^-mJt -N'f 



r 
Fr^^rhg-mJt^-Nj 



and the differential equations of relative motion are 



m6"= —mJt^—N'Y 



r 
m(^'' =mg—mJt —N'Y 



Replacing the components of the turning acceleration 
by the expressions of Art. 161 we have finally 



m$'^=-2mwl —^ sin ^+ jt cos ^j -N-y 



rmf' = — 2mco-77 sin ^ — iV • t- 



m^^' =mg-h2ma/-^ cos X—N-r- 



C 
I 



[182] 



These three simultaneous differential equations together 
with the equation of constraint 



f2 + ^2 + ^2 = p 



[183] 



give the motion. 
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In order to integrate [182] the reaction of constraint N 
must be eliminated by means of [183]. This may be done 
as follows: 

Solving [183] for ^ we have 



Differentiating 



^ =Vz2-e2^^ 



c' = (Vp-^-rj^y 



[184] 



^" = (VZ2-e2_^2) 



ff 



Substituting in the third equation of [110] we have 



VI 



{VP - f2 _ jjzy =mg —2majr}' cos X-N 



y/P-^-r? 



I 



\V hence 



N = 



ml 



^12_^2J 9 - '2-m' cos X-{s/^-^-rf)"\ 



Substituting these values of ^ and iV in the first two 
equations of [182] we have 



r = 



Jt 



V = 



- (\/P-f2_,2)" ^ 

-2wU' sin X - (VP- $2-7)2)' cos A [ 



VZ2-e2_„2 



\g-2aj7} cos A - (VP -^-rj2)"\ 



[185] 
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two simultaneous differential equations in 6 and tj only. 
The integration of these gives f and rj as functions of t; 
then by substitution in [184] f as a function of t is obtained 
and the problem is theoretically solved. The mathematical 
difficulties, however, are such as to prevent this method 
of procedure, and leaviAg aside the general case we may 
obtain an approximate solution as follows: 

183. Approximate solution. — ^Regard j and 4 and their 

derivatives, together with Wj as small qiuintities whose squares 
and prodiicts may be neglected. Then from 



c=/(i 






we have Z=l, and equations [185] become 



e"=2wsin>l-)j'-|^.f 



[186] 



These are linear equations with constant coefficients and 
can be integrated by quadratures. The following method 
will lead to interesting results. 
Project the motion on the plane 

which is tangent to the sphere of constraint at its lowest 
point A I. Projecting A^ and Atj on this plane, giving the 
axes Ai^ and Aitj (fig. 39), then the differential equations 
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of motion of Pi, the projected pendulum, are 



r'=2wsin>l)j'-ff 



9 



Tj" = -2(0 sin X$' -j-T) 



[187] 



South 




-V >-Ea8t 



■>Ea8t 



Fig. 39. 



From which 



(rr + ri'r,") +f-(f c' + r)r)') =0 
($jj"—rj$")+2ajs\n A(ff' + J}i}') =0 J 



[188] 



These are exact equations, and integrating we have 



9 



($'2 + )?'2)+|-(e2 + ,2)=/i 

(Sri' -riS') + wsmX($^ + f)=C, 



[189] 
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Calling r and the polar coordinates of the projected 
pendulum 

f=rcos0 i^=rsinl? 



and [189] become 






[190] 



Particular case. — Suppose the pendulum in equilibrium 
in the vertical and set it in motion by a small impulse. 

Since r and are both zero at the initial instant, then 
C is zero and the second equation of [190] becomes 



whence 



O' + cj^m >l = 
d=do~(o sin X ' t 



and the projected pendulum revolves about the origin, with 
constant angular velocity 

oji=(o sin X 

in the negative direction. It makes a complete revolution 
in the time 



r=— = — . — ;= . — r (sidereal time) 
w\ (jj sm / sm / ^ 



Hence 



^st. Louis =38^44 (about) 



The pendulum then seems to oscillate in a plane which 
rotates about the vertical in the negative direction with con- 
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slant angular velocity (01 = (o sin X, The time of a complete 

24 

revolution is ~ — r sidereal hours, 

sin / 

General case. — ^Introducing the new variable 



di=-0-\-ajsm k-t = d-\-ajit 



equations [190] become 



f^+r^[di'^ + oji^-2(Oi0i'+fj=h 



[191] 



The variables r and di are the polar coordinates of Pi referred 
to a set of axes Ai^i and Aitji which rotate about the vertical 
in the negative direction with constant angular velocity cju 

Neglecting the term containing (oi^ and calling hi a new 
constant equations [191] become 



r'2+rW-+'^r2 = /ii ] 



r2^i'=(7 



[192] 



These may be written 



Areal T'=2C 



[193] 



Hence referred to these axes the projected pendulum 
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moves under the action of a force y-r directed toward Ai. 
The path is then an elHpse of period 



'.=2./ 



[195] 
9 



The projected pendulum then describes an ellipse in the 
horizontal plane, and the major axis of this ellipse rotates 
about the vertical in the negative direction with angular velocity 

COi. 

Foucault's case. — In Foucault's celebrated experiment 
in the Pantheon at Paris, the pendulum was drawn aside 
from the vertical and the restraining string burned. The 
initial velocity relative to the axes Ai^ and Aitj is then 
zero, and hence / and d' are both initially zero. Since / =0 
initially this value of r is a maximum or a minimum and 
is therefore a semi-axis of the ellipse. Call it a. Then from 
the second equation of [190] 

a; sin X-a^ = coi'a^ = C 
Then from the second equation of [192], 

or Areal F = 2c(;i.a2 [196] 

Theorem of Chevilliet. — Let a and b be the two axes of 
the eUipse. The areal velocity is then 

Areal V = m 
J- 1 
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Whence - = - ' - = -sr = w sin ^- 

a 2;: 1 



'4 



In the experiment in the Pantheon 

- ' ' 'a 7200 

and hence the ellipse was so flat as to seem a line. 

At St. Louis, Willi tiic same values of I and a we should 
have 

b 16'.43 1_ 

o~3»''.44"8423 
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